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The goal of this course is to introduce you to a number of exciting objects, motifs and methods
from modern probability theory. The two main topics will involve random structures or random
processes built from (or on top of) a fixed graph G.

Some unifying questions:

� What can we learn about a graph by studying random structures defined on that graph?

� How effectively can we study random structures on infinite graphs via large finite approxima-
tions? Does the randomness ‘feel the boundary’?

� When behaviours on different parts of the graph are not independent, are they positively or
negatively correlated? What mathematical tools can be deployed in each case?

� How efficiently can one sample a particular random object on a large finite graph? How does
the shape of the graph determine the speed of random processes on the graph?

Structure of the course

The two main topics of the course are percolation and spanning trees. The plan is to spend 2-3
weeks on each of these topics in the first half of term.

� A tour of percolation (five lectures), building towards a proof of Kesten’s theorem.

� A tour of spanning trees (five or six lectures), leading to the construction of the uniform
spanning forest on an infinite graph.

To arrive at these destinations, a few key proofs will initially be sketched or postponed. In the second
half of term, we will return to some of these technical steps, and discuss some more advanced topics.
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1 Percolation: an initial tour

Much of the language and setting of our first topic derives from physical sciences, as a model for
the flow of a fluid through a porous medium. As may be familiar to coffee enthusiasts, the notion
of percolation itself denotes that the fluid is able to pass completely through the medium.

In mathematical terms, we will study the relationship between local connectivity (in particular, local
rules for the presence of an edge) and global connectivity, for example in terms of the existence of
infinite paths or infinite components.

1.1 Background: definitions, critical probability for percolation

Notation: We will generally work with an infinite, locally-finite connected graph G, with vertex
set V (G), and edge set E(G) ⊆

(
V (G)

2

)
. By far the most important example for this course will be

the d-dimensional integer lattice G = Zd, for d ≥ 2.

� We will study ΩG := {0, 1}E(G), the set of all collections of edges. For historical reasons, we
use the following terminology to describe an element ω of ΩG:

– When ω(e) = 1, we say edge e is open (ie ‘present’);

– When ω(e) = 0, we say edge e is closed (ie ‘not present’);

– Percolation studies the structure of the open edges.

� We denote by Pp the product (probability) measure on ΩG with probability p. That is, every
edge e ∈ E(G) is open independently with probability p.

� There are variant models of percolation where, for example, the vertices are open or closed,
rather than edges. The version we are studying is known as bond percolation. See example
sheet(s) for relationships with other models.

We will aim to clarify and answer some of the following questions:

� Does the structure of the open edges look very different for different values of p ∈ [0, 1]?

� Under what circumstances are there infinite components, and are these unique?

� How much dependence is there between the connectivity for parts of G which are far apart?

� When they exist, what do the large (or infinite) components look like?

Definition 1.1. With respect to an element ω ∈ ΩG, we define, for every x ∈ V (G), the cluster

C(x) = {y ∈ V (G) : x↔ y},

where ↔ always denotes a path of open edges. (Indeed, this matches the definition of ‘component’
for the subgraph consisting of precisely the open edges.)

When |C(x)| = ∞, we will sometimes write x ↔ ∞ as an abbreviation. This event will sometimes
be referred to as ‘percolation’ or that ‘x percolates’.
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Definition 1.2. A graph G is vertex-transitive if ∀x, y ∈ V (G), there exists an automorphism1 ϕ
of G such that ϕ(x) = y.

� Example: the lattice Zd is vertex-transitive, for example by considering the family of trans-
lations. Note that in fact there are four automorphisms of Z2 mapping any edge e to any
other edge e′, and further symmetries in higher dimensions.

� Non-example: the infinite-depth binary tree T
(2)
∞ is not vertex-transitive since the degree of

the root is different to the degree of all other vertices.

� Informally, a graph is vertex-transitive if ‘it looks the same from all vertices’.

In particular, whenG is vertex-transitive, we have |C(x)| d= |C(y)| under Pp for all x, y ∈ V (G). (And,

indeed, C(x)
d
= C(y) in any appropriate space of locally-finite graphs considered up to isomorphism.)

ASSUMPTION: Unless specified, we will now assume G = Zd, and will study C = C(0).

Definition 1.3. The percolation probability is

θ(p) := Pp(|C| =∞)
[

= Pp(0↔∞)
]
.

It is clear that θ(0) = 0 and θ(1) = 1, but the behaviour of θ on (0, 1) is not so clear. Intuitively, it
is reasonable to assume that when p is larger, the graph will include more edges in some sense, and
so θ(p) will be larger. We might also suspect that when p is close to 0 or close to 1, we see similar
behaviour to when p = 0 or p = 1.

Lemma 1.4. The percolation probability θ(p) is weakly increasing as a function of p.

Proposition 1.5. For each d ≥ 2, there exists p, p′ ∈ (0, 1) such that θ(p) = 0 and θ(p′) > 0.

Proofs. See Section 1.2 below.

As a result of these two results, as p increases from 0 to 1, there is a transition between the behaviour
θ(p) = 0 and θ(p) > 0.

Definition 1.6. The critical probability pc (or sometimes pc(d) in reference to Zd) is

pc := sup {p ∈ [0, 1] : θ(p) = 0} . (1.1)

Proposition 1.5 shows that for d ≥ 2, we have 0 < pc(d) < 1.

Note: One can show that θ(·) is continuous away from pc and is right-continuous at pc, that is
θ(pc) = θ(pc+). See examples sheet.

It is conjectured that for Zd with d ≥ 2, one should have continuity of the phase transition, that is,
θ(pc(d)) = 0. (See diagrams in lectures.)

1A graph automorphism of G is a bijection ϕ : V (G) → V (G) such that {ϕ(v), ϕ(w)} ∈ E(G) iff {v, w} ∈ E(G).
So (abusing notation) one may extend ϕ : E(G) → E(G), which then induces a map ϕ : ΩG → ΩG as e ∈ ϕ(ω) iff
ϕ−1(e) ∈ ω.
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� Towards the end of this section of the course, we will develop some useful tools for two
dimensions. In particular, we will prove Kesten’s theorem that pc(2) = 1

2 and θ(1
2) = 0.

� The so-called Lace expansion has been used to prove θ(pc(d)) = 0 for all ‘large’ d ≥ 11.

� This remains a major open problem for d = 3, 4, . . . , 10, and is an active research area2.

1.2 Proofs: monotone couplings, SAWs, Peierls’ argument

We will prove lemmas 1.4 and 1.5.

Proof of Lemma 1.4

We use a coupling of Pp and Pq, by constructing all (Pp : p ∈ [0, 1]) in a single probability space.

Let P be the measure of (U(e), e ∈ E), IID uniform U [0, 1] random variables, and for every p ∈ [0, 1]
define a random element ωp of ΩG by

ωp(e) = 1{U(e)≤p}.

So P (ωp(e) = 1) = p, independently over e ∈ E. However, by construction, whenever p ≤ q, we
have ωp(e) ≤ ωq(e) for every e ∈ E, P-a.s.

(Note, this is really just the infinite product over E(G) of a coupling of Bernoulli(p) and Bernoulli(q)
random variables.)

The event {0↔∞} ⊂ ΩG, is increasing, as it is preserved under opening some edges3. So{
0
ωp↔∞

}
⊂
{

0
ωq↔∞

}
P
(

0
ωp↔∞

)
≤ P

(
0
ωq↔∞

)
θ(p) = Pp (0↔∞) ≤ Pq (0↔∞) = θ(q).

Proof of Proposition 1.5

First, we prove that there exists p ∈ (0, 1) such that θ(p) = 0. The proof proceeds by showing that
when p is small enough, the probability of the origin being part of a long path decays exponentially
in the length of the path.

A self-avoiding walk (SAW) on a graph is a vertex-disjoint nearest-neighbour path. Let σn be the
number of SAWs on Zd with length n, starting from the origin. Since there are exactly 2d choices
for the ‘first step’, and then, iteratively, at most 2d− 1 choices for each subsequent step, we have4

σn ≤ 2d(2d− 1)n−1.

Now, let Nn be the number of SAWs of length n, starting from the origin, all of whose edges are
open. Since there are exactly n edges in such a path, and each edge is open independently, we have

2For example, the upper bound quoted has decreased incrementally since the lecturer was a Part III student...!
3See Definition 1.9 coming up shortly for more detail.
4This is a very weak bound, though finding exact asymptotics for the number of SAWs of length n on a particular

lattice is in general a very hard problem.
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Ep [Nn] = pnσn. Certainly, if 0↔∞, then one of these SAWs of length n is open, so

θ(p) = Pp (0↔∞) ≤ Pp (Nn ≥ 1)
(∗)
≤ Ep [Nn] = pnσn, (1.2)

using Markov’s inequality at (*). If p < 1
2d−1 , then pnσn → 0 as n → ∞. However, (1.2) holds for

all n ≥ 1, so for such p, we find, by taking a limit that θ(p) = 0.

Note: In addition, we have shown that the critical probability pc ≥ 1
2d−1 .

Now, we must prove that there exists p ∈ (0, 1) such that θ(p) > 0. We will use a so-called Peierls
argument. (Peierls first applied this argument to the Ising model.)

We begin with the observation that Zd is a subgraph5 of Zd+1, and so{
0

Zd↔∞
}
⊂
{

0
Zd+1

↔ ∞
}
,

and so θ(p) is increasing as a function of d. Consequently, pc(d) is decreasing as a function of d.

In particular, it suffices to prove the existence of such a p in the case d = 2. The idea of the proof is
that for |C(0)| <∞ to hold, there must be a collection of boundary edges which are all closed. By
controlling the number of such collections, we can control the probability that one such collection
is entirely closed, and the complement, that no collection is entirely closed.

Consider the dual graph of Z2, with vertex set (Z + 1
2)2, and nearest-neighbour edges6. For the

purpose of this course, we refer to this new graph as Z2
dual and say7 that

dual edge ed open ⇐⇒ ‘primal’ edge e closed. (1.3)

So in our setting, the product measure Pp on the primal lattice Z2 induces the product measure
with probability 1− p on the dual lattice Z2

dual. Following from (1.3) we have the relation

|C(0)| <∞ in Z2 ⇐⇒ ∃ entirely open cycle in Z2
dual around 0. (1.4)

We will compute the number of such dual cycles, and then control the probability of the event
described by (1.4).

Let Mn be the number of cycles in Z2
dual with length n. Note that a dual cycle of length n must

cross the positive y-axis (for the first time) at one of the points (0, 1
2), (0, 3

2), . . . , (0, n−1
2 ). There

are then at most 4n−1 choices for the remaining (n− 1) edges of the cycle (which can be viewed as

5Formally, this is up to isomorphism. That is, we should identify Zd with Zd × {0} ⊂ Zd+1.
6Note, one may think of the dual of a planar graph G more generally as describing the faces of G, with edges in

the dual graph precisely corresponding to pairs of faces which share an edge in the primal graph.
7Caution: some books use the opposite convention.

Dominic Yeo 6 djy21@cam.ac.uk



Percolation and Related Topics
Part III 2021-22

Draft Lecture Notes
Version: December 1, 2021

a path in Z2
dual). We obtain

Pp (|C(0)| <∞) = Pp
(
∃ closed cycle in Z2

dual around 0
)

≤
∑
n≥4

Pp
(
∃ closed cycle in Z2

dual around 0 with length n
)

≤
∑
n≥4

Ep
[
#
{

closed cycles in Z2
dual around 0 with length n

}]
=
∑
n≥4

(1− p)nMn

≤
∑
n≥4

(1− p)n · n2 · 4
n−1.

When (1− p) < 1
4 , this sum converges, so as p ↑ 1,

∑
→ 0. In particular, we have

θ(p) = 1− Pp (|C(0)| <∞)→ 1, p ↑ 1,

which completes the proof of Proposition 1.5.

Remark. The reduction to d = 2 was crucial for this duality argument, which does not make sense
in higher dimensions.

An infinite cluster somewhere

Proposition 1.5 gives a complete description for the existence or non-existence of an infinite cluster
containing the origin. Although the events {x ↔ ∞} and {y ↔ ∞} are not independent, they
should be ‘almost independent’ when x, y are far apart. So when θ(p) > 0, and each such event has
positive probability, our intuition might suggest that there should be an infinite cluster somewhere
almost surely.

The following proposition asserts that this intuition is valid.

Proposition 1.7. i) If θ(p) = 0, then Pp (∃x ∈ V : x↔∞) = 0.

ii) If θ(p) > 0, then Pp (∃x ∈ V : x↔∞) = 1.

Note: This dichotomy is phrased in terms of θ(p) rather than p < pc since, recall, it is not always
known whether θ(pc) = 0.

Proof. i) Since Zd is vertex-transitive, we have Pp(x ↔ ∞) = Pp(0 ↔ ∞) = 0 for all x ∈ Zd.
The result follows by countable sub-additivity, since

Pp (∃x ∈ V : x↔∞) = Pp

(⋃
x∈V
{x↔∞}

)
≤
∑
x∈V

Pp (x↔∞) = 0.

ii) This can be proved in a number of ways, but it is particularly efficient to use the following
result (which forms part of the content of Part III: Advanced Probability):
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Proposition 1.8 (Kolmogorov’s 0-1 Law). Let X1, X2, . . . be independent random variables,
generating sigma-algebra F . We say A ∈ F is a tail event if A is independent of (X1, . . . , Xn)
for any finite n. In this case, P(A) = 0 or 1.

In the percolation setting, let e1, e2, . . . be some enumeration of the (countable) edge set E,
and note that under Pp, the sequence ω(e1), ω(e2), . . . are IID random variables.

Note that removing finitely many edges from an infinite cluster leaves finitely many clusters, at
least one of which is still infinite. In particular, this means that the event {∃ infinite cluster}
is independent of (ω(e1), . . . , ω(en)) for any finite n. By Kolmogorov’s 0-1 Law, we have

0 or 1 = Pp (∃x ∈ V : x↔∞) ≥ Pp (0↔∞) = θ(p) > 0,

and so Pp (∃x ∈ V : x↔∞) = 1 as required.

1.3 Positive association: increasing events, FKG and BK inequalities

As we have seen, in general, collections of events in ΩG will not be independent. However, in many
circumstances it will useful to exploit positive dependence of various events of interest. In this
section we introduce the two main examples of this phenomenon, which will form a useful toolkit
for more advanced analysis of percolation models.

We begin by recalling the definition of increasing events and functions in this setting.

Definition 1.9. � An event A ⊂ ΩG is increasing if whenever ω ≤ ω′ and ω ∈ A, then ω′ ∈ A.

� Example: {ω is connected} is an increasing event.

� A function f : ΩG → R is increasing if whenever ω ≤ ω′, we have f(ω) ≤ f(ω′).

� In a slight abuse of notation, we will write Ep[f ] for Ep[f(ω)] where ω has law Pp.

Proposition 1.10 (Harris inequality). i) Let A,B ⊂ ΩG be increasing events. Then

Pp (A ∩B) ≥ Pp(A)Pp(B). (1.5)

ii) More generally, let f, g be increasing, bounded functions. Then

Ep [fg] ≥ Ep [f ]Ep [g] . (1.6)

Corollary 1.11. When A is an increasing event, f an increasing function, then Ep
[
f
∣∣A] ≥ Ep[f ].

Note: This is a special case of the FKG inequality for product measure. We may return to the
general case of FKG later in the course.

Proof. Note that (1.5) follows immediately from (1.6) by taking f = 1A and g = 1B. We will prove
(1.6) in two steps.

Step I: We will first prove (1.6) in the special case where f, g depend on only a finite subset of the
edges (e1, . . . , en). The proof is inductive.
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When n = 1, we have f, g : {0, 1} → R. The fact that both f, g are increasing can be summarised
as: [

f(ω)− f(ω′)
] [
g(ω)− g(ω′)

]
≥ 0, ∀ω, ω′ ∈ {0, 1}.

Taking a weighted sum over all pairs of outcomes (ω, ω′) we obtain

0 ≤
∑

a,b∈{0,1}

Pp(ω = a)Pp(ω′ = b)
[
f(ω)− f(ω′)

] [
g(ω)− g(ω′)

]
0 ≤ Ep [f(ω)g(ω)] + Ep

[
f(ω′)g(ω′)

]
− Ep

[
f(ω)]Ep[g(ω′)

]
− Ep

[
f(ω′)]Ep[g(ω)

]
0 ≤ 2Ep [fg]− 2Ep [f ]Ep [g] ,

which concludes the case n = 1.

Now, inducting, suppose f, g : {0, 1}{e1,...,en} → R are increasing functions. Using the tower law,

Ep [fg] = Ep
[
Ep
[
fg
∣∣ω(e1), . . . , ω(en−1)

] ]
.

Note that once we have conditioned on ω(e1), . . . , ω(en−1), f and g are (increasing) functions of a
single variable ω(en), and so we may apply the case n = 1 to the blue term:

Ep [fg] ≥ Ep
[
Ep
[
f
∣∣ω(e1), . . . , ω(en−1)

]
Ep
[
g
∣∣ω(e1), . . . , ω(en−1)

]]
.

Now, both red and purple terms are functions depending on ω(e1), . . . , ω(en−1), and so we apply
the statement for (n− 1) on these functions, to obtain

Ep [fg] ≥ Ep
[
Ep
[
f
∣∣ω(e1), . . . , ω(en−1)

]]
Ep
[
Ep
[
g
∣∣ω(e1), . . . , ω(en−1)

]]
,

from which we may finish by using the tower law again

Ep [fg] ≥ Ep [f ]Ep [g] .

This completes the proof in the setting where f, g depend on a finite subset of the edges.

Step II: We now assume that f, g are general functions {0, 1}E → R. We introduce the natural
filtration F = (Fn, n ≥ 1) as Fn := σ(ω(e1), . . . , ω(en)) and set

fn := Ep
[
f
∣∣Fn] , gn := Ep

[
g
∣∣Fn] .

Observe that
Ep
[
fn+1

∣∣Fn] = Ep
[
Ep
[
f
∣∣Fn+1

] ∣∣∣Fn] = Ep
[
f
∣∣Fn] = fn,

and so (fn) and (gn) are F-martingales. Since they are also bounded, we may apply the Martin-
gale convergence theorem which asserts that fn → f, gn → g, Pp-a.s. (and thus in L1(Pp) by
boundedness). Using the triangle inequality and boundedness, we have

Ep [|fngn − fg|] ≤ Ep [|fngn − fgn|] + Ep [|fgn − fg|]
≤ C (Ep [|fn − f |] + Ep [|gn − g|])→ 0.

So we have Ep [fg] = limn→∞ Ep [fngn] and thus the assertion

Ep [fngn] ≥ Ep [fn]Ep [gn] ,

which follows from Step I since fn, gn depend only on (ω(e1), . . . , ω(en)) passes to the limit:

Ep [fg] ≥ Ep [f ]Ep [g] .

Dominic Yeo 9 djy21@cam.ac.uk



Percolation and Related Topics
Part III 2021-22

Draft Lecture Notes
Version: December 1, 2021

Example: Consider a general (not necessarily vertex-transitive) connected infinite graph G. The
percolation probability

θx(p) := Pp(x↔∞), x ∈ V (G),

will in generally depend on the reference vertex x, and so we might ask the same question of the
critical probability

pxc := sup{p ∈ [0, 1] : θx(p) = 0}.

Claim: pxc = pyc for all x, y ∈ V (G). See examples sheet.

Disjoint occurrence

A partial converse to the Harris inequality is the following. Intuitively, the probability that there
exist (edge-)disjoint open paths between u and v, and between w and x is less than the probability
that such paths exist independently. Since, once one path is declared, there are fewer options for
how to construct the other path.

Definition 1.12. Given an event A ⊂ ΩG and an element ω ∈ A, say I(ω) ⊂ E(G) is a witness set
of A for ω if:

∀ω′ ∈ ΩG such that ω(e) = ω′(e), ∀e ∈ I(ω), we have ω′ ∈ A.

In words, ‘ω|I(ω) is sufficient information to conclude ω ∈ A’.

Example: For the event A = {x ↔ y}, and ω ∈ A, then the edges of any open path in ω from x
to y constitute a witness set of A for ω.

Definition 1.13. Given events A,B ⊂ ΩG, we define the disjoint occurrence:

A ◦B :=
{
ω ∈ ΩG : ω ∈ A ∩B, ∃ witness sets I(ω) of A, J(ω) of B, I(ω) ∩ J(ω) = ∅

}
. (1.7)

The key example is {u ↔ v} ◦ {w ↔ x}, the event described in words in the introduction to this
section. The following inequality, introduced by Burton and Keane, confirms our intuition for the
probability of two events occurring disjointly, under certain conditions. We will see in the next
section how this is used in practice.

Proposition 1.14 (BK Inequality). Let A,B ⊂ ΩG be increasing events, which each depend on
only finitely many edges. Then

Pp (A ◦B) ≤ Pp(A)Pp(B). (1.8)

Note. The condition that A,B are increasing is not necessary. The corresponding stronger result
is known as Reimer’s inequality, though the proof is considerably more involved, and the extra
strength has not, in practice, been used much in the literature. The condition that A,B depend on
only finitely many edges can, with sufficient care, sometimes be bypassed.

Proof. We assume that A,B depend on a finite set of edges e1, . . . , en, and will induct on n. The
case n = 1 can be checked easily, since there are only two possibilities for each of A,B.

Dominic Yeo 10 djy21@cam.ac.uk



Percolation and Related Topics
Part III 2021-22

Draft Lecture Notes
Version: December 1, 2021

In general, we assume A,B ⊆ {0, 1}e1,...,en , and define

A+ := {(ω(e1), . . . , ω(en−1) ∈ {0, 1}e1,...,en−1 : (ω(e1), . . . , ω(en−1), 1) ∈ A} ,

A− := {(ω(e1), . . . , ω(en−1) ∈ {0, 1}e1,...,en−1 : (ω(e1), . . . , ω(en−1), 0) ∈ A} ,
and similarly for B and other sets. We note that A− ⊆ A+ since A is increasing, and also that

Pp(A) = pPp(A+) + (1− p)Pp(A−),

partitioning based on whether edge en is open or not.

We now consider C = A ◦B, with C+, C− defined analogously. We have

C− = {A,B hold disjointly without edge en} = A− ◦B−, and C+ ⊆ A+ ◦B+,

where the second result is containment rather than equality since opening en might break disjointness
(*). So far, we have the following, using the induction hypothesis:

Pp(C−) = Pp(A− ◦B−) ≤ Pp(A−)Pp(B−), (1.9)

Pp(C+) ≤ Pp(A+ ◦B+) ≤ Pp(A+)Pp(B+). (1.10)

We also need to treat the cross terms. To study (*) more precisely, we may observe that C+ =
(A+ ◦B−)∪ (A− ◦B+), and that C− = A− ◦B− ⊆ (A+ ◦B−)∩ (A− ◦B+). Recall that C− ⊆ C+.
Given these set relations, it is a good idea to study

Pp(C+) + Pp(C−) ≤ Pp
(
(A+ ◦B−) ∪ (A− ◦B+)

)
+ Pp

(
(A+ ◦B−) ∩ (A− ◦B+)

)
= Pp(A+ ◦B−) + Pp(A− ◦B+) ≤ Pp(A+)Pp(B−) + Pp(A−)Pp(B+). (1.11)

To combine, it is useful to decompose Pp(C) as follows:

Pp(C) = pPp(C+) + (1− p)Pp(C−)

= p2Pp(C+) + p(1− p)
[
Pp(C+) + Pp(C−)

]
+ (1− p)2Pp(C−).

Now, use equations (1.10), (1.11), and (1.9) on the various terms, to obtain:

≤
(
pPp(A+) + (1− p)Pp(A−)

) (
pPp(B+) + (1− p)Pp(B−)

)
= Pp(A)Pp(B),

as required for the induction.

1.4 Sharp thresholds in the subcritical regime p < pc

Throughout this section, we will study Zd for d ≥ 2. In Definition 1.6, we showed that there
is a non-trivial critical probability pc(d) ∈ (0, 1). We will study p ∈ (0, pc), and show that the
probability that a cluster is large decays exponentially. Such results are often referred to as sharp
thresholds since they indicate that as p varies, a significant qualitative change in the connectivity
structure of the graph happens at pc.

We will consider:

Λ(n) := [−n, n]d, ∂Λ(n) = Λ(n)\Λ(n− 1) =
{
x ∈ Zd : ||x||∞ = n

}
, (1.12)

the d-dimensional box, and its boundary.
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THEOREM 1.15. For all p ∈ (0, pc), there exists a constant C = C(p) > 0 such that

Pp (0↔ ∂Λ(n)) ≤ e−Cn. (1.13)

Discussion: This theorem was proved by Aizenmann and Barsky in 1987 and, roughly simulta-
neously, by Menshikov. Both proofs are long and involved, and introduce techniques which are
valuable more generally. A considerably shorter proof was provided by Duminil-Copin and Tassion
in 2014, using influence theory. See Section [later].

Note. Since Pp (0↔ ∂Λ(n)) ≥ pn, there is a lower bound for (1.13) of the same form.

Corollary 1.16. For all p ∈ (0, pc), we have Ep [|C(0)|] <∞.

Proof. Note that |∂Λ(n)| ∼ γdnd−1, for some constant γd. So, given (1.13)

Ep [|C(0)|] ≤
∑
n≥0

γdn
d−1e−Cn <∞.

Proof of Theorem 1.15: (under assumption that Ep [|C(0)|] <∞.)

Denote by Rn := |C(0)∩∂Λ(n)| the number of vertices on the boundary of the n-box, connected to
the origin. So

∑
n≥0Rn = |C(0)|. To demonstrate exponential decay, we might try to relate ∂Λ(m)

and ∂Λ(m+ k) multiplicative, for example by

Pp (0↔ ∂Λ(m+ k)) ≤
∑

x∈∂Λ(m)

Pp (0↔ x and x↔ ∂Λ(m+ k)) . (1.14)

However, applying FKG to the RHS of (1.14) gives inequality in the ‘wrong’ direction. However,
as illustrated on the diagrams in lectures, if there is a path from 0 to ∂Λ(m + k), there must be
disjoint paths from 0 to some x ∈ ∂Λ(m), and from x to Λ(m+ k), so we may instead use the BK
inequality.

To ensure that events depend on only finitely many edges, we will insist that there exists an open

path 0↔ x within the box Λ(m+ k). We denote this event as {0 Λ(m+k)↔ x}.

Pp (0↔ ∂Λ(m+ k)) ≤
∑

x∈∂Λ(m)

Pp
(
{0 Λ(m+k)↔ x} ◦ {x↔ ∂Λ(m+ k)}

)
≤

∑
x∈∂Λ(m)

Pp(0
Λ(m+k)↔ x)Pp (x↔ ∂Λ(m+ k))

≤
∑

x∈∂Λ(m)

Pp(0
Λ(m+k)↔ x)Pp(0↔ ∂Λ(k)).

Now, we use that Pp(0
Λ(m+k)↔ x) ≤ Pp(0↔ x) and sum over the latter to relate to Rm:

Pp (0↔ ∂Λ(m+ k)) ≤ Pp
(

0↔ ∂Λ(k)
)
Ep [Rm] . (1.15)
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However, since
∑

n≥0 Ep [Rm] = Ep [C(0)] < ∞, there must exist some m such that Ep [Rm] < 1.
Applying (1.15) separately for each 0 ≤ k ≤ m− 1, we find that

Pp
(
x↔ ∂Λ(mr + k)

)
≤ Pp

(
0↔ ∂Λ(k)

)(
Ep [Rm]

)r
.

We can choose C appropriately to handle all of these cases simultaneously, and obtain (1.13).

1.5 Supercritical regime p > pc: infinite cluster(s)

We now turn our attention to p > pc, for which θ(p) > 0, and we have already seen that
Pp(∃ infinite cluster) = 1. We will discuss whether there is in fact almost surely a unique infi-
nite cluster in this setting.

(Note that the results will apply equally well at pc if θ(pc) > 0, though this is conjectured not to
be true for all Zd, d ≥ 2, as discussed earlier.)

We begin with a pair of lemmas, the second of which provides an alternative argument for Propo-
sition 1.7, that there is an infinite cluster almost surely.

Lemma 1.17. Let A ⊂ ΩG be a (measurable) event. Then ∀ε > 0, there exists an event B ⊂ ΩG

that depends only only finitely many edges8, such that the symmetric difference of A and B satisfies
Pp(A4B) < ε.

Proof. Omitted.

Example:

� The event {0↔∞} can be approximated by {0↔ Λ(n)} for large n.

� It might seem counter-intuitive that an event like {there are exactly 7 infinite clusters} can
be approximated in this way. The next lemma shows that, in fact, this works because the
probability of such an event is trivial to begin with.

Note: We have side-stepped the measurability of events in ΩG thus far. We will return to this topic
in the next section of the course, at which point the proof of this lemma will be transparent.

Definition 1.18. Given event A and a graph automorphism ϕ : G → G (see Definition 1.2),
we define the event ϕ(A) as: ω ∈ ϕ(A) iff ω′ ∈ A, where ω′ : E(G) → {0, 1} is defined as
ω′(e) = ω(ϕ(e)).

In particular, if ϕ(A) = A for all graph automorphisms ϕ, we say A is invariant under automor-
phisms of G.

Lemma 1.19. Let A be an event invariant under automorphisms of Zd. Then Pp(A) = 0 or 1.

8Formally, one could say: ∃ finite EB ⊂ E such that for any ω ∈ B, given ω′ ∈ ΩG satisfying ω′(e) = ω(e),
∀e ∈ EB , we also have ω′ ∈ B.
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Proof. The idea of the proof is to exploit that A is invariant under all automorphisms, while an
approximating B is strongly affected by some automorphisms, eg a large translation.

Fix ε > 0, and B ⊂ ΩG such that Pp(A4B) < ε, as given by Lemma 1.17. There exists an
automorphism ϕ : G → G such that B and ϕ(B) depend on disjoint sets of edges. So, using this
property, and automorphism invariance of product measure Pp, we have

Pp (B ∩ ϕ(B)) = Pp(B)Pp(ϕ(B)) = Pp(B)2.

When we attempt to do the same thing to A, it will be useful to observe that(
A ∩ ϕ(A)

)
4
(
B ∩ ϕ(B)

)
⊂
(
A4B

)
∪
(
ϕ(A)4ϕ(B)

)
,

and the two symmetric differences on the RHS are equally probable under Pp. So, using the
automorphism-invariance of A to deduce A = A ∩ ϕ(A), we have

Pp(A) = Pp(A ∩ ϕ(A)) ≤ Pp (B ∩ ϕ(B)) + 2ε

= Pp(B)2 + 2ε

≤
(
Pp(A) + ε

)2
+ 2ε

≤ Pp(A)2 + 4ε+ ε2.

Now, letting ε ↓ 0, we obtain Pp(A) ≤ Pp(A)2, and so Pp(A) = 0 or 1, as required.

Uniqueness of the infinite cluster

Lemma 1.17 is a useful tool to study N∞, the number of infinite clusters, since the event {N∞ = k}
is invariant under automorphisms of Zd. So:

Corollary 1.20. For all p ∈ [0, 1], there exists k = k(p) ∈ {0, 1, 2, . . .} ∪ {∞} such that Pp(N∞ =
k) = 1.

The following propositions narrow down the set of possible values for k(p).

Proposition 1.21. For all p ∈ [0, 1], k(p) is equal to 0 or 1 or ∞.

Proposition 1.22. For all p ∈ [0, 1], k(p) is equal to 0 or 1.

So in fact the infinite cluster is almost surely unique when it exists. We will not prove the full form of
the result in this course, but we will prove the preliminary result, which eliminates the (intuituively,
rather implausible) possibility that there are almost surely exactly eleven infinite clusters.

Proof of Proposition 1.21. We have already seen in Proposition 1.7 that when θ(p) = 0, we have
k(p) = 0. From now on, we assume θ(p) > 0, which is certainly the case for p > pc, and assume for
contradiction that k = k(p) ∈ {2, 3, . . .}, which means that Pp(N∞ = 0 or 1) = 0.

We will study the infinite clusters via their interaction(s) with the boundary of a large box, as
illustrated in lectures. Note that if Pp(N∞ = k) = 1, then

Pp
(
N∞ = k, each infinite cluster meets ∂Λ(n)

)
→ 1, n→∞.
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In particular, there exists some n such that this probability is strictly positive, which will be sufficient
for the argument to follow.

Note that

Pp
(
N∞ = k, each infinite cluster meets ∂Λ(n)

)
≤ Pp

(
each infinite cluster meets ∂Λ(n)

)
,

and the latter event depends only on edges outside Λ(n). Indeed, we have the decomposition of
events:{

N∞ = 0 or 1
}
⊃
{

all edges inside Λ(n) open
}
∩
{

each infinite cluster meets ∂Λ(n)
}
, (1.16)

since if every edge inside Λ(n) is open, then any infinite clusters are in fact the same, since they
are joined by a path within Λ(n). In any case, the two events on the RHS of (1.16) depend on,
respectively, the edges inside Λ(n), and the edges outside Λ(n), and are thus independent. As a
result

Pp
(
N∞ = 0 or 1

)
≥ Pp

(
all edges inside Λ(n) open

)
Pp
(
each infinite cluster meets ∂Λ(n)

)
= p|E(Λ(n))|Pp

(
each infinite cluster meets ∂Λ(n)

)
> 0,

by our choice of n, which is a contradiction.

1.6 Critical probability in two dimensions

As we have discussed, it is in general hard to study the critical probability pc(d) concretely for
general d ≥ 3. However, in the case d = 2, there is the opportunity to use the powerful duality
framework introduced earlier. In fact, the critical probability is pc = 1/2, as shown first by Kesten,
and for this choice of probability, the percolation measure on Z2 and the measure induced on its
dual Z2

dual are equivalent, which will be used in both sections of the proof.

THEOREM 1.23 (Kesten). For Z2, the critical probability pc = 1
2 and, furthermore θ(1

2) = 0.

Note: Hence the phase transition for d = 2 is continuous.

Proof. The proof has two natural stages.

Part I: pc ≤ 1/2.

We will show that p = 1/2 is not subcritical, by demonstrating that the long-range path probability
do not decay as fast as specified by Theorem 1.15.

Consider the rectangle Jn := [0, n]× [0, n− 1], with Ln and Rn denoting the vertices of the left and

right boundaries. We will study the event Hn := {Ln
Jn↔ Rn} that there exists an open horizontal

crossing within the rectangle.

As illustrated in lectures, it is very convenient to introduce also the n × (n + 1) rectangle J ′n in
the dual graph Z2

dual that meshes exactly with Jn. Denoting by Tn and Bn the top and bottom

boundaries of J ′n, we will study, simultaneously, the event Vn := {Tn
J ′n↔ Bn} that there exists a
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top-to-bottom crossing of the dual graph. It is crucial to recall that a dual edge ed is open precisely
when the corresponding primal edge e (that is, the unique primal edge which crosses ed) is closed.

Write
C(Ln) =

{
x ∈ Jn : Ln

Jn↔ x
}
,

for the set of vertices which can be reached by open paths from Ln within Jn. Denote by EC(Ln), Jn\C(Ln)

the edges from C(Ln) to Jn\C(Ln), which are, by construction, closed, and describe the ‘boundary’
of C(Ln).

It holds that

on Hc
n :

{
ed : e ∈ EC(Ln), Jn\C(Ln)

}
is an open vertical crossing of J ′n.

Indeed Hn = V c
n .

However, under product measure P1/2, we also have P1/2(Hn) = P1/2(Vn), since the dual edges are
also open independently with probability 1/2. Hence P1/2(Hn) = 1/2.

By considering a union bound over the vertices x ∈ Ln, we can also bound as

1

2
= P1/2(Hn) ≤ nP1/2

(
0↔ ∂Λ(n)

)
from which we find

P1/2

(
0↔ ∂Λ(n)

)
≥ 1

2n
.

In particular, we have shown that P1/2

(
0 ↔ ∂Λ(n)

)
does not decay exponentially, and so with

reference to Theorem 1.15, we know that p = 1/2 is not subcritical. In other words, pc ≤ 1/2.

Remark: the idea of studying the crossing probabilities of rectangles of various dimensions was a
major contribution to the field by Russo, Seymour, and Welsh. Such RSW arguments are central
to studying two-dimensional phenomena in greater detail, and there remain many open problems
in this direction.

Part II: To complete the argument that pc ≥ 1/2, it suffices to show that θ(1
2) = 0.

Suppose, for contradiction, that θ(1
2) > 0, in which case P1/2 (∃ infinite cluster) = 1. There is also

almost surely an infinite open dual cluster, and we will derive a contradiction by showing that they
must cross. As before, we will study interactions with a large box, since

lim
n→∞

P1/2

(
∂Λ(n)↔∞

)
= 1.

We denote by Ln, Rn, Tn, Bn the left, right, top, and bottom boundaries of the box Λ(n) respectively.

As discussed in lectures, we can study P1/2

(
Ln

Λ(n)c↔ ∞
)

via a union bound, but we will obtain

much stronger control by using the FKG inequality. As a special case of Problem 2 on the examples
sheet, we have:

P1/2

(
Ln

Λ(n)c↔ ∞
)
≥ 1−

1− P1/2

 {Ln
Λ(n)c↔ ∞} and {Rn

Λ(n)c↔ ∞}
and {Tn

Λ(n)c↔ ∞} and {Bn
Λ(n)c↔ ∞}

1/4

= 1−
(

1− P1/2

(
∂Λ(n)↔∞

))1/4
.
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So we must have

lim
n→∞

P1/2

(
Tn

Λ(n)c↔ ∞
)

= 1.

We can apply a similar argument in the dual box Λ(n− 1
2), with boundaries L′n, R

′
n, T

′
n, B

′
n, so that

lim
n→∞

P1/2

(
T ′n

Λ
(
n−1

2

)c
↔

dual

∞
)

= 1.

In particular, it is useful to study two primal infinite paths, and two dual infinite paths simultane-
ously, since

lim
n→∞

P1/2

 {Ln
Λ(n)c↔ ∞} and {Rn

Λ(n)c↔ ∞}

and {T ′n
Λ
(
n−1

2

)c
↔

dual

∞} and {B′n
Λ
(
n−1

2

)c
↔

dual

∞}

 = 1. (1.17)

Note that none of these infinite paths can cross (since open primal and open dual paths never cross)
outside Λ(n). But Λ(n) has either an open horizontal crossing, or an open vertical dual crossing,
but not both. So, on the event studied in (1.17), we have either at least two infinite primal clusters
in Z2, or at least two infinite dual clusters in Z2

dual. Hence

P1/2

(
≥ 2 infinite clusters in Z2

)
+ P1/2

(
≥ 2 infinite dual clusters in Z2

dual

)
≥ 1.

This is a contradiction, since both of these probabilities are zero by Proposition 1.22.
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2 Spanning trees: an initial climb

When studying percolation, our base graph has been infinite, but we were able to define the product
measure Pp directly on this infinite graph. In the proofs, we repeatedly approximated events which
depend on the whole configuration by events defined on finite sub-configurations. We also developed
tools (often 0-1 laws) to characterise the behaviour of events which couldn’t be approximated in
this fashion.

By contrast, in this section we will study one situation where there is not a straightforward definition
of the model on an infinite base graph. The goal is to develop the formalism for lifting finite random
constructions to infinite random constructions.

2.1 Background: graphs, trees, USTs

In this section we require some terminology from graph theory, which we summarise here.

Definition 2.1. A graph G consists of a set of vertices V = V (G), and a set of edges E = E(G) ⊆(
V (G)

2

)
, the set of pairs of distinct vertices.

� A simple graph includes no self-loops nor multiple edges. Sometimes we will say (multi)graph
to indicate that self-loops and multiple edges may occur, without affecting the underlying
argument.

� A rooted graph (G, ρ) is a graph G, together with a choice of root ρ ∈ V (G).

� Graph H is a subgraph of graph G when V (H) ⊆ V (G), and E(H) ⊆ E(G).

� Graph H is an induced subgraph of graph G when V (H) ⊆ V (G), and E(H) consists of
precisely those edges in E(G) which are incident to two vertices in V (H).

� Graph G is connected if any pair of distinct vertices x, y ∈ V (G) may be joined by a path
made up of edges from E(G). Otherwise, G has at least two connected components.

� The degree degG(v) of a vertex v ∈ V (G) is the number of edges incident to v. A graph G is
locally-finite if all the degrees are finite.

Example. Useful graphs which will appear frequently, especially as subgraphs or induced sub-
graphs, include:

� The complete graph Kn on n vertices, where every edge is present. Also called a clique.

� The empty graph En on n vertices, with no edges. (This is the complement of Kn.)

� The path Pn on n vertices (or of length n− 1).

� The cycle Cn on n vertices.

� However, once we have the foundations in place, our main examples will again be Zd.

Remark. We can view an element ω ∈ ΩG as a subgraph H of graph G, with each edge e ∈ E(H)
iff ω(e) = 1. Such a subgraph has V (H) = V (G) by convention. We will switch between these two
notions of subgraph fairly often in this section.
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Definition 2.2. A graph T is a tree if it is connected, and contains no cycles. Equivalently, if there
is a unique path between any pair of vertices.

� For a general graph G, a spanning tree of G is a subgraph T on vertex set V (T ) = V (G),
which is a tree. (Note, G has no spanning trees if G is itself not connected.)

Proposition 2.3. A tree T with n vertices has exactly n− 1 edges.

Definition 2.4. Let T be the set of all spanning trees of a finite connected graph G. Then, we call
T a uniform spanning tree of G (UST) if it is distributed according to the uniform measure on T .
That is, for each t ∈ T , we have P (T = t) = 1

|T | . (*)

THEOREM 2.5 (Cayley’s formula). There are exactly nn−2 labelled trees with vertex set [n] :=
{1, 2, . . . , n}.

Key questions:

� Except for very unusual (in particular, very sparse) graphs, the number of spanning trees will
be large. For Kn, Cayley’s formula gives the number of spanning trees. However, in almost all
cases, it will be infeasible to compute precisely. So, if we can’t use (*), how can we simulate
a UST?

� How can we simulate a UST as efficiently as possible?

� Intuitively, the presence of two edges e, e′ in a realisation of the UST should be negatively
dependent. How does one make this precise? Is it always true?

� How can one extend this framework to infinite graphs, where |T | will normally be infinite,
and so (*) won’t work as a definition?

2.2 Generating uniform spanning trees

We will describe two algorithms for generating a UST on a (for now, finite) graph G.

� The Aldous–Broder algorithm (1990) based on a random walk on G. We will not give a proof
of validity in this section. [And probably not at all in the course.]

� Wilson’s algorithm (1996), based on a series of loop-erased random walks on G. We will give
a proof of validity, as another example of a detailed coupling argument.

The Aldous–Broder algorithm

(Introduced roughly simultaneously by David Aldous and Andrei Broder, 1990.)

Our first algorithm is built from the notion of random walk on a graph, which we now define.

Definition 2.6. The (simple) random walk (Xn)n≥0 on a locally-finite graph G is the Markov chain
with state space V (G) and transition probabilities pvw = 1

degG(v) when {v, w} ∈ E(G), and pvw = 0
otherwise. In words, the chain moves to its next state by choosing uniformly from amongst the
neighbours of its current state, independently of its history.
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We will frequently study the hitting time τv of a vertex v ∈ V (G),

τv := inf{n ≥ 0, Xn = v},

which is a stopping time, and also the cover time,

tcov := max
v∈V (G)

τv = inf
{
n ≥ 0 : {X0, X1, . . . , Xn} = V (G)

}
,

which records at which step (if any) the walk has first visited every vertex.

Recall that a graph G is recurrent if the simple random walk started from any vertex v ∈ V (G)
visits v infinitely many times, almost surely. Equivalently, the RW returns to v almost surely. On
the other hand9, an infinite graph G is transient if simple random walk started from v returns to v
with probability strictly less than 1, and so visits v finitely many times, almost surely.

When G is connected and recurrent (including when G is finite), all the hitting times τv are finite
almost surely. (‘Almost surely’ means ‘with probability equal to one’.) When G is infinite, the cover
time is infinite almost surely, though it remains valid when G is recurrent to say ‘the random walk
visits every site almost surely’. Note that the distributions of the hitting times and the cover time
will, in general, depend on the initial state X0 of the walk, which may be random or deterministic.

The Aldous–Broder algorithm considers all edges along which the random walk on a graph G first
visits a previously-unvisited vertex.

Definition 2.7 (Aldous–Broder algorithm). For a connected, recurrent graph G, run a random
walk on G from any initial state X0 ∈ V (G). Let T be the subgraph of G with V (T ) = V (G), and
edge set

E(T ) :=
{
{Xτv −1, Xτv} : v ∈ V (G)\{X0}

}
. (2.1)

THEOREM 2.8 (Aldous, Broder, 1990). For G finite, the random subgraph T generated by the
Aldous–Broder algorithm is a UST on G.

Note: With probability zero, T is not a spanning tree (when tcov =∞) but this doesn’t affect the
validity of the statement about the distribution of T .

Sketch (G finite). : One must start by showing that T is a spanning tree on G whenever the cover
time is finite. This is an exercise on the problem sheet.

The proof that T is uniformly distributed amongst spanning trees is best seen as a consequence of
the elegant and surprising Matrix tree theorem, which relates the stationary distribution of a (general
/ weighted) Markov chain on a graph G to the number (/ weight) of spanning trees involving each
edge in the graph.

Remark. We cannot state a version of Theorem 2.8 for G infinite and recurrent until later in
Section 2.7 because we do not yet have any well-defined notion of the UST on an infinite graph.

9Recurrence and transience are class properties, so this dichotomy holds whenever G is connected. See the Part
1B course, or any textbook treating Markov chains for revision of this material.
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Wilson’s algorithm

As we’ve seen, the Aldous–Broder algorithm is constructed from a random walk on G. Obviously,
we could not directly use the path taken by the random walk, because this would contain cycles.
The next algorithm is based on the loop-erased random walk on G, which is constructed by removing
the cycles from the trajectory of a random walk in the order in which they appear.

As we shall discuss later, there are advantages and disadvantages with both algorithms.

Definition 2.9. Let γ = (x0, x1, . . . , xn) ⊆ V (G) be a finite, possibly self-intersecting walk in a
graph G. For every v ∈ {x0, x1, . . . , xn}, define `v := max{m ∈ [0, n] : xm = v}, the index of the
last visit to v.

Now, set v0 = x0, and then inductively define vi+1 = x`vi+1 for i ≥ 1, terminating at vn′ for
which vn′ = xn (and so `vi = n). The path (v0, v1, . . . , vn′) does not self-intersect, and is called the
loop-erasure of γ.

Note that this definition applies equally to the loop-erasure of infinite paths (x0, x1, x2, . . .), provided
no vertex v ∈ V (G) occurs infinitely many times in the path.

Definition 2.10. The loop-erasure of a finite path (or infinite transient path) of random walk on
G is called loop-erased random walk (LERW).

Remark. A word of caution. It can be tempting to think of LERW as a process, like the random
walk itself. This is normally not appropriate. For example, as a random process with the same
time-indexing as the underlying random walk, LERW does not live in G, but instead in the space
of paths on G.

Definition 2.11 (Wilson’s algorithm). Given a connected, recurrent graph G, let (v0, v1, . . . , vn−1)
be an enumeration of the vertices. We define a sequence of random trees T0 ⊂ T1 ⊂ T2 ⊂ · · · as
follows:

� Let T0 be the tree with a single vertex {v0}.

� When i ≥ 0, and the vertex set of Ti is a strict subset of V (G), define Ti+1 as follows
(independently from what has happened before):

– Let j be the smallest label in {1, 2, . . . , n− 1} such that vj 6∈ Ti.

– Let τTi be the hitting time of Ti for a random walk (X0, X1, . . .) on G with initial vertex
X0 = vj , and let γ = (X0, . . . , XτTi

).

– Define the edge set of Ti+1 to be the union of the edge set of Ti and the loop-erasure of
γ. Note that Ti+1 is also a tree.

� When Ti spans V (G), declare T = Ti.

THEOREM 2.12 (Wilson, 1996). Given a connected, recurrent graph G, the random spanning
tree T given by Wilson’s algorithm is uniformly distributed amongst spanning trees of G.
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Proof of Theorem 2.12 (G finite)

We begin with a naive algorithm, which will be good motivation. Given a (finite) connected graph G
with n vertices, and an identified vertex v0 ∈ V (G), by a spanning tree directed towards v0 we mean
collection of edges which form a spanning tree, where each edge is given the (unique) orientation
towards v0 in this tree.

Now, for every vertex vi in V (G)\{v0}, select an edge −−→viwi directed away from vi.

Claim: Such a collection of directed edges

� Either is a spanning tree directed towards v0;

� Or includes a directed cycle.

The proof of this claim is an exercise on the problem sheet. This claim motivates the following.

Naive algorithm: For each vertex vi ∈ V (G)\{v0} independently, select an edge −−→viwi uniformly
amongst those incident to vi (*).

� If the resulting collection of directed edges is a spanning tree directed towards v0, stop, and
return the undirected version of this spanning tree.

� If the resulting collection of directed edges includes a directed cycle, start again.

Each spanning tree t occurs with probability∏
vi∈V (G)\{v0}

1

degG(vi)

under (*). In particular, this is equal for all spanning trees t, and so the naive algorithm generates
a UST on G.

Wilson’s algorithm may be viewed as adapting the naive algorithm above so that resampling the
directed edges happens only at those vertices which are part of a problematic directed cycle.

Proof of Theorem 2.12. We will now prove that Wilson’s algorithm generates a UST. We begin by
defining a larger probability space, rich enough to support several realisations of LERW. (This is a
good example of a coupling, which we will explore more fully in the coming lectures.)

We identify a vertex v0 ∈ V (G) as in Wilson’s theorem. For every vi ∈ V (G)\{v0}, let (w
(1)
i , w

(2)
i , . . .)

be a sequence of choices from the neighbours of vi in G. One may construct a walk (X0, X1, . . .) on
G, absorbed at v0, as a function of this information, as follows.

Given (X0, X1, . . . , Xn = v) s.t. k of (X0, . . . , Xn) are vertex v, set

{
Xn+1 = v0 Xn = v0

Xn+1 = w
(k)
i Xn = vi.

Ie, after the kth visit to vi 6= v0, the random walk moves on the directed edge
−−−→
viw

(k)
i to vertex w

(k)
i .

Similarly, one may construct a walk on G absorbed at any collection of vertices, and also its loop-
erasure, so long as the path is finite.
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We think of the collection (w
(k)
i ) as a stack of instructions left at vertex vi, with w

(1)
i as, initially,

the top of the stack. In the following construction, we will iteratively discard the top element of

some stacks, so the top-most (or visible) instruction on some stacks changes from w
(k)
i to w

(k+1)
i .

The visible instructions always define a set of directed edges, just as in the claim and naive algorithm
above. When this includes at least one directed cycle, we may remove one of these directed cycles,
by discarding the visible instruction from every stack corresponding to a vertex in the cycle. The
collection of visible instructions thus changes, and maybe further directed cycles may be removed
in subsequent steps.

This process, referred to as cycle popping, may be iterated until the visible instructions induce no
directed cycle, and we let N be the number of cycles ‘popped’ in the procedure. Either N = ∞,
or N <∞, and in the latter case (by the earlier claim) what remains is a spanning tree t directed
towards v0.

Obviously, we have to choose some order to pop the cycles. It is not clear a priori whether t and N
will necessarily be independent of this choice of cycle-popping ordering. Fortunately, this is true!

Lemma 2.13 (Cycle-popping lemma). For any choice of (w
(k)
i , i = 1, . . . , n − 1, k ≥ 1), for any

order of cycle-popping, N and t are the same. That is:

� either N =∞ for all orderings of cycle-popping;

� or N <∞ is the same for all orderings of cycle-popping, and all such orderings give the same
directed spanning tree t.

Proof. Note that this is a deterministic result, not a probabilistic result! The proof of this deter-
ministic lemma is left as an exercise here, or alternatively one may consult Grimmett Percolation on
Graphs §2.2. One of the main challenges in a proof of this result is devising unambiguous notation
for the cycles that may be popped.

Now, we will consider the situation where, independently for each vi 6= v0, (w
(1)
i , w

(2)
i , . . .) is a

sequence of IID copies of Wi, an independent choice from amongst the neighbours of vi in G. Note
then, that we can use this (random) information to simulate Wilson’s algorithm (where for LERW,
cycle-popping happens in ‘chronological’ order), and finite termination of Wilson’s algorithm at a
tree t exactly corresponds to cycle-popping with N <∞ and t directed towards {v0}.

It is clear by construction (of Wilson’s algorithm) that in this setting, N is almost surely finite. We
will show that t is a UST on G. Each cycle which is popped consists of a collection of directed edges

of the form
−−−→
viw

(k)
i , where k indexes its position in the stack. Let C1, . . . , CM be some collection of

these indexed directed cycles, which can be popped in this order (which is certainly independent of

whatever is left underneath). Note that we view eg the ‘cycles’ {v1w
(1)
1 , v2w

(1)
2 } and {v1w

(2)
1 , v2w

(3)
2 }

as distinct.

Then the probability that the random stacks of instructions (w
(k)
i ) give these indexed, directed

cycles, and leave the spanning tree t directed towards {v0} as the visible instructions underneath
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the popped cycles, is precisely

M∏
m=1

∏
viw

(k)
i ∈Cm

1

degG(vi)
×

∏
vi∈V (G)\{v0}

1

degG(vi)
, (2.2)

where the second term arises for exactly the same reasons as in the naive algorithm discussed earlier.

Note that (2.2) splits as a product of a term depending on (C1, . . . , CM ) and a term (in fact, a constant
term) depending on t. So in fact we have the stronger result that conditional on any (C1, . . . , CM ), t
has the uniform distribution amongst spanning trees. The required statement follows immediately
by ‘averaging’ (/ law of total P) over the sequence of cycles.

Remark. The proof shows that one may choose which vertex to start the ‘next LERW’ from in
Wilson’s algorithm with considerable flexibility.

Couplings

The construction used in this proof of the validity of Wilson’s algorithm is another example of
the coupling method. This is a crucial and recurring tool in discrete probability theory, where one
compares two or more random structures by constructing them jointly in the same probability
space. Since we have now used this method several times in the course so far, we include a general
statement here.

Concretely, given random variables X1 and X2 defined on probability spaces (Ω1,F1,P1) and
(Ω2,F2,P2), respectively, a coupling of X1, X2 is a pair of random variables (Y1, Y2) defined on

some new probability space (Ω,F ,P) for which Y1
d
= X1 and Y2

d
= X2.

(This level of formality is rarely required when using a specific coupling.)

2.3 Negative association

Since a spanning tree of a graph G must include a fixed number of edges, it is intuitively reasonable
to assume that the presence of edges e, e′ in a UST T will be negatively-correlated. Similarly, if we
have fewer edges from which to assemble a spanning tree, then any given edge e is more likely to
appear in a UST.

We make our intuition for negative association precise in the following result.

Proposition 2.14. Given a finite, connected graph G, let T be a UST on G.

a) For any pair e, e′ of distinct edges in E(G),

P
(
e′ ∈ E(T )

∣∣ e ∈ E(T )
)
≤ P

(
e′ ∈ E(T )

)
. (2.3)

More generally, if A and B are disjoint, acyclic collections of edges in E(G), then

P
(
B ⊂ E(T )

∣∣A ⊂ E(T )
)
≤ P (B ⊂ E(T )) . (2.4)
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b) Let H be a connected subgraph of G, and let TH be a UST on H. Then, for any collection A
of edges in E(H),

P (A ⊂ E(TH)) ≥ P (A ⊂ E(T )) . (2.5)

(Note, if A contains a cycle, then both probabilities in (2.5) are zero.)

Aspects of these negative dependence results for the UST will be discussed in lectures. In summary:

� These results are best proved using the so-called electrical network interpretation of finite
graphs, originating with Kirchhoff (1840s). We may return to this later in the course.

� We have already seen the theory of positive association in our study of percolation, with the
Harris/FKG inequality.

� Negative dependence results are often very hard, and several intuitively ‘obvious’ results are
in fact famous open problems.

2.4 Infinite graphs

When G has countably infinite vertex set, it is not clear what the analogue of the UST will be.

� While the definition of spanning tree extends immediately, one cannot make a uniform choice
directly from the set of spanning trees since this will generally be infinite.

� One could consider using the Aldous–Broder algorithm directly on G. However, this will only
generate a spanning tree with probability one if G is recurrent.

� One could consider using Wilson’s algorithm on a transient graph G, if we allow the possibility
to run the LERW paths for infinitely many steps (if they don’t hit the currently-established
tree within finitely many steps). However, the resulting subgraph will not necessarily be
connected, and certainly when G is infinite the proof given in the previous section becomes
meaningless at the moment (2.2) where we calculate probabilities explicitly.

Definition 2.15. We will often study an infinite graph G as an exhaustion of finite connected
graphs (Gn), induced on G by an increasing sequence V1 ⊂ V2 ⊂ · · · ⊂

⋃
n≥1 Vn = V (G) of subsets

of the vertices.

Examples:

� The d-dimensional boxes [−n, n]d form an exhaustion of Zd;

� The depth-n binary trees form an exhaustion of the infinite-depth binary tree.

Motivation: Given an infinite graph G, and an exhaustion (Gn), let Tn be the UST on Gn. By
(2.5), for any finite collection of edges A ⊂ E(G), we have

P (A ⊂ E(Tn)) ≥ P (A ⊂ E(Tn+1)) , (2.6)

whenever n is large enough that A ⊂ E(Gn). We might therefore conjecture the existence of an
infinite random ‘tree’ T on G for which

P (A ⊂ E(T )) = lim
n→∞

P (A ⊂ E(Tn)) ,
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since this limit exists by monotonicity.

Before we can make this precise, we need to set up some formalism about ΩG := {0, 1}E(G).

Definition 2.16. We consider ΩG := {0, 1}E(G) as a compact metric space with respect to the
product topology. Importantly, the Borel σ-algebra BG is generated by cylinder events:{

ω ∈ ΩG : ω|F = ω′
}
, ω′ ∈ {0, 1}F , F ⊂ E(G) finite. (2.7)

This Borel σ-algebra coincides with the product σ-algebra, so it holds that every cylinder set is
both open and closed.

Note that these cylinder events (2.7) may be written equivalently as{
ω ∈ ΩG : ω(e) = 1, e ∈ A; ω(e) = 0, e ∈ B

}
, A,B ⊂ E(G) finite, disjoint.

In words, a cylinder event says that a particular finite collection of edges are present, and a particular
finite collection of edges are not present.

An increasing cylinder set has the form

CA :=
{
ω ∈ ΩG : ω(e) = 1, e ∈ A

}
, A ⊂ E(G) finite. (2.8)

In words, an increasing cylinder event says that a particular finite collection of edges are present.

Note that if ω ≤ ω′ in ΩG, and ω ∈ CA, then ω′ ∈ CA.

Definition 2.17. In this setting, a sequence of probability measures (µn) on (ΩG,BG) converges
weakly10 to µ, written µn ⇒ µ, if

µ(C) = lim
n→∞

µn(C), for all cylinder events C. (2.9)

Furthermore, if the limits in (2.9) all exist, then µ exists and is a probability measure on (ΩG,BG)

Proposition 2.18. Given a sequence of probability measures (µn) on (ΩG,BG) for which limn→∞ µn(C)
exists for all increasing cylinder events C, then the same limit exists for all cylinder events.

Proof. The result follows from the Principle of Inclusion-Exclusion, and is best illustrated with an
example. Let a, b, c, d, f be distinct edges in E(G), and let

C =
{
ω ∈ ΩG : ω(a) = ω(b) = ω(c) = 1, ω(d) = ω(f) = 0

}
.

Then, for any measure µ on ΩG, we have

µ(C) = µ
(
C{a,b,c}

)
− µ

(
C{a,b,c,d}

)
− µ

(
C{a,b,c,f}

)
+ µ

(
C{a,b,c,d,f}

)
.

The case for a general cylinder set C is similar, and implies the required result.
10Weak convergence is in general defined in terms of convergence of the measure of continuous, bounded functionals.

In this setting, life is easier because the cylinder events (which generate the Borel σ-algebra) are both open and closed,
so one does not have to have separate versions of (2.9) for open and closed events in the generating class. The assertion
that these various definitions are equivalent is the content of the Portmanteau theorem.
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2.5 The free uniform spanning forest

The free spanning forest as a weak limit

For now, fix G, a infinite (countable), locally-finite graph and an exhaustion (Gn) of G by finite
graphs, for which Tn is the UST on Gn. Let µTn be the measure of Tn, viewed as a random element
of ΩG. In this setting, (2.6) asserts µTn+1(CA) ≤ µTn(CA), where CA is the increasing cylinder set
defined by finite A ⊂ E(G). Therefore limn→∞ µTn(CA) exists for all such increasing cylinder sets,
so by Proposition 2.18, there is a measure µF on ΩG such that µTn ⇒ µF .

Proposition 2.19. The measure µF does not depend on the choice of exhaustion (Gn) of G.

Definition 2.20. The measure µF is called the free (uniform) spanning forest (FUSF) on G.

Proof of Proposition 2.19. Consider two sequences V1 ⊂ V2 ⊂ · · · ⊂
⋃
n≥1 Vn = V (G) and V ′1 ⊂

V ′2 ⊂ · · · ⊂
⋃
n≥1 V

′
n = V (G) of subsets of the vertices, inducing exhautions (Gn) and (G′n) of G.

Note that vertex set Vn ∩ V ′n does not necessarily induce a connected graph on G. We may assume
WLOG (by shifting all the indices) that V1 ∩ V ′1 is non-empty, so choose some v1 ∈ V1 ∩ V ′1 . Then,
define Ḡn to be the connected component of the induced graph on Vn ∩ V ′n which contains v1,
with V̄n the corresponding vertex set. Then (Ḡn) is also an exhaustion of G. However, each Ḡn is
certainly a subgraph of Gn, and so, taking T̄n to be a UST on Ḡn, we have, again by (2.5) that
µT̄n(CA) ≥ µTn(CA) whenever n is large enough that A ⊂ E(Ḡn).

However, since
⋃
n≥1 V̄n = V (G), there exists an increasing sequence (αn) of integers such that

Vn ⊂ V̄αn for all n. For such a sequence, Gn is a subgraph of Ḡαn and so again we may apply (2.5)
to conclude µTn(CA) ≥ µT̄αn (CA), whenever n is large enough that A ⊂ E(Gn). Combining, we have

µTn(CA) ≤ µT̄αn (CA) ≤ µTαn (CA), (2.10)

and so by sandwiching (increasing) limits, we obtain

lim
n→∞

µT̄αnµ(CA) = lim
n→∞

µT̄n(CA) = lim
n→∞

µTn(CA).

Applying the same analysis to (G′n) and their USTs (T ′n), we obtain

lim
n→∞

µT̄n(CA) = lim
n→∞

µT ′n(CA) = lim
n→∞

µTn(C(A)).

So measure µF on ΩG (which is determined by cylinder sets CA) is the same for exhaustions (Gn)
and (G′n), as required.

Properties of the free spanning forest

Proposition 2.21. i) The FUSF contains no cycles almost surely. (Hence a forest, ie a collec-
tion of trees!)

ii) The FUSF has no finite components almost surely.

Proof. Let (Gn) be some exhaustion of G, with associated USTs (Tn).
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i) Let A be the edge set of a (finite) cycle in G. Since Tn is a tree, µTn(CA) = 0, and so
µF (CA) = 0 also. The result follows by countable additivity.

ii) See problem sheet.

Definition 2.22. A measure µ on ΩG is invariant under a graph automorphism ϕ of G if µ(CA) =
µ(Cϕ(A)) for every finite A ⊂ E(G).

Proposition 2.23. The FUSF is invariant under any graph automorphism ϕ of G.

Proof. We may use Proposition 2.19. Given a sequence V1 ⊂ V2 ⊂ · · · of vertex sets inducing an
exhaustion (Gn) of G, the sequence ϕ(V1) ⊂ ϕ(V2) ⊂ · · · also induces an exhaustion. To avoid
confusion, we refer to the USTs on Gn and ϕ(Gn) as TGn and Tϕ(Gn), respectively. Then, for any
finite A ⊂ E(G),

µF
(
Cϕ(A)

)
= lim

n→∞
µTϕ(Gn)

(
Cϕ(A)

)
= lim

n→∞
µTGn (CA) = µF (CA),

as required.

2.6 The wired spanning forest

Definition 2.24. Let G be a graph, and A ⊂ E(G). The contracted graph G/A is obtained by, for
every e ∈ A, deleting edge e, and identifying11 the two vertices incident to e. When G is a simple
graph, it is possible that the contraction G/A includes self-loops and multiple edges12.

We declare a negative association result for the UST with respect to graph contraction, analogous
to Proposition 2.14 earlier.

Proposition 2.25. Given a finite, connected graph G, let TG be a UST on G. If A and B be
disjoint, acyclic collections of edges in G, and let TG/A be a UST on the contracted graph G/A.
Since A,B disjoint, we may also interpret B as a collection of edges in G/A. Then, we have

P
(
B ⊂ E(TG/A)

)
≤ P (B ⊂ E(TG)) . (2.11)

Note: In fact our original negative assoication result under conditioning (2.5), follows from (2.11).
See the examples sheet.

Given an (infinite) graph G and an exhaustion (Gn), define the wired subgraph GWn with wired
boundary from Gn as follows. Let ∂Gn ⊂ Vn be the set of boundary vertices of Vn which are
connected by an edge to V (G)\Vn. We construct GWn from Gn by adding a vertex wn, and then,
for every edge e between v ∈ ∂Gn and u ∈ V (G)\Vn, adding an edge from v to wn. (So there will
typically be multiple edges from some v ∈ ∂Gn to wn.)

11Formally, if two vertices v, v′ are identified in this way, then the new vertex w has neighbourhood (ΓG(v)\{v′})∪
(ΓG(v′)\{v}), and the edges incident to V (G)\{v, v′} are unchanged.

12We consider a pair of multiple edges between the same pair of vertices to be a cycle of length two. We consider
a self-loop to be a cycle of length one. Consequently, these non-simple edges cannot be used as part of a UST on a
multigraph. Otherwise, the definition of T is unchanged.
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We can then define a UST on GWn . So, let TWn be a UST on GWn , and let µWTn be the measure of TWn ,
viewed as a random element of ΩG (by ignoring the edges between ∂Gn and wn, and also setting to
zero outside Vn).

Proposition 2.26. With the conditions above, and A ⊂ E(G) finite:

µWTn(CA) ≤ µWTn+1
(CA). (2.12)

Proof. This is a direct consequence of Proposition 2.25. Consider contracting all the wiring edges
in GWn+1. After deleting any new self-loops (which play no role in any USTs) the resulting graph is
isomorphic to GWn .

Proposition 2.27. The limit limn→∞ µ
W
Tn

(CA) exists on all increasing cylinder events CA, and
furthermore

lim
n→∞

µWTn(CA) ≤ µF (CA). (2.13)

Proof. The sequence µWTn(CA) is increasing, by (2.12). Since in general Gn is a subgraph of GWn ,

we also have that µWTn(CA) ≤ µTn(CA) by (2.5). Hence µWTn(CA) is an increasing sequence bounded

above my limµTn(CA) = µF (CA) and the result follows.

As before, it follows that limn→∞ µ
W
Tn

exists on all cylinder sets, and so there is a measure µW on

ΩG such that µWTn ⇒ µW . One may also show a version of Proposition 2.19, that µW does not
depend on the choice of exhaustion (Gn) of G.

Definition 2.28. The measure µW is called the wired (uniform) spanning forest (WUSF) on G.
For similar reasons to the FUSF, the wired spanning forest almost surely has no cycles, nor finite
components, and is invariant under graph automorphisms of G.

2.7 Comparing FUSF and WUSF

The free and wired spanning forests of an infinite graph G, as introduced in the previous section,
raise a number of questions:

� For what G do the FUSF and WUSF have the same law?

� If we extend Aldous–Broder or Wilson’s algorithm to infinite graphs G, how does this relate
to FUSF and WUSF?

� In Proposition 2.21, we showed that FUSF has no cycles almost surely, and thus is a forest.
But for what G is FUSF connected (with some probability), and thus actually a spanning
tree? For the integer lattice Zd, how does this behaviour vary with d?

We will give at least partial answers to all these questions.
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2.7.1 G recurrent

When G is recurrent, Wilson’s algorithm and the Aldous–Broder algorithm are well-defined with
hardly any adjustments required.

� Aldous–Broder on recurrent G: we now need to run the random walk for infinitely many steps
(since the cover time is not finite). As before, let the edge set of T be:

E(T ) :=
{
{Xτv −1, Xτv} : v ∈ V (G)\{X0}

}
.

� Wilson’s algorithm on recurrent G: as before, construct a sequence of trees T1 ⊂ T2 ⊂ . . .,
where as before Ti+1 is obtained from Ti by adding the edges of the loop-erasure of random
walk started from a new vertex and stopped at τTi . This process will not terminate when G
is infinite and recurrent, so declare T :=

⋃
Ti.

Proposition 2.29. Let G be a recurrent, infinite, connected graph. Then the FUSF and WUSF
have the same law, and each is connected almost surely.

Furthermore, they are generated by Wilson’s algorithm and by the Aldous–Broder algorithm on G.

Comment: In this case, one may refer to a uniform spanning tree or UST on G. The key example
is the two-dimensional lattice Z2. The UST on Z2 is a central object, and some properties are studied
at the end of the problem sheet.

Proof. Wilson’s algorithm for G generates a spanning tree T (in particular, connected) with proba-
bility one. We will show that we can view Wilson’s algorithm on G as a ‘limit’ of Wilson’s algorithm
on Gn or GWn , in a sense we make precise via a coupling argument.

Let A ⊂ E(G) be finite, with CA the corresponding increasing cylinder event. Let A ⊂ V (G) be the
finite set of vertices incident to A, and for convenience, assume that A forms an initial segment of
the ordering (v0, v1, v2, . . .) of the vertices, used to drive Wilson’s algorithm. Recall the definition
of ∂Gn, the boundary vertices in Vn, for n large enough that A ⊂ Vn.

Now, run Wilson’s algorithm on G. Note that we only need to run the algorithm for |A| − 1 steps
(meaning LERW constructions) to determine T restricted to A. Note also that we can run Wilson’s
algorithm on Gn using the same LERWs, and the partial subtrees generated will be the same until
τ∂Gn , the first time at which one of the RWs (generating the LERWs) hits ∂Gn.

In particular, under this mutual construction, the restriction of T to A will be the same as the
restriction of Tn to A unless at time τ∂Gn , the algorithm has not used at least |A| − 1 steps. We
can therefore bound as

|P (A ⊂ E(T ))− P (A ⊂ E(Tn))| ≤ P ({A ⊂ E(T )}4{A ⊂ E(Tn)})
≤ P (at most |A| − 2 ‘steps’ before τ∂Gn)

≤
|A|−1∑
i=1

P (RW from vi hits ∂Gn before v0) .
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(Recall the symmetric difference B4C of two events is the event that exactly one happens.) Each
of these probabilities vanishes when n→∞, since G is recurrent, and so

lim
n→∞

|P (A ⊂ E(T ))− P (A ⊂ E(Tn))| = 0. (2.14)

Crucially, exactly the same argument holds for the wired graphs GWn , and so we find

µF (CA) = µW (CA) = P (A ⊂ E(T )) .

Since cylinder events characterise a measure on ΩG, we have shown that FUSF and WUSF have
the same law and are generated by Wilson’s algorithm, hence are almost surely connected!

It is an exercise on the problem sheet to check that the Aldous–Broder algorithm can be handled
by a similar coupling.

2.7.2 G transient

Example. The infinite-depth binary tree T
(2)
∞ is exhausted by finite-depth binary trees T

(2)
n .

� The only uniform spanning tree for T
(2)
n is T

(2)
n itself, so the FUSF of T

(2)
∞ is just T

(2)
∞ itself.

� In fact, the WUSF has infinitely many tree components almost surely. See the problem sheet,
where we will prove that WUSF 6=FUSF.

Definition 2.30. We extend Wilson’s algorithm to transient graphs G with vertices enumerated
(v1, v2, v3, . . .) as follows:

� Let T0 be the loop-erasure of a random walk path started from v1. (Since G is transient,
we may loop-erase the infinite RW path almost surely, since it visits each vertex only finitely
many times.)

� When i ≥ 0, and the vertex set of Ti is a strict subset of V (G), define Ti+1 as follows
(independently from what has happened before):

– Let j be the smallest label in {1, 2, . . .} such that13 vj 6∈ Ti.

– Let τTi be the hitting time of Ti for a random walk (X0, X1, . . .) on G with initial vertex
X0 = vj . Note that since G is transient, τTi may be infinite with positive probability.
When τTi < ∞ is finite, we let γ = (X0, . . . , XτTi

), and when τTi = ∞, we let γ =
(X0, X1, . . .).

– Define the edge set of Ti+1 as the union of the edge set of Ti and the loop-erasure of γ.

� Let T be the union
⋃
i≥0 Ti.

Remark. This algorithm is sometimes referred to as Wilson’s algorithm rooted at infinity.

Proposition 2.31. On a transient graph G, Wilson’s algorithm rooted at infinity generates the
wired spanning forest on G.

13The construction works perfectly without this stipulation. In that case, it simply means that some of the walks
are ‘stopped’ at time zero.
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Proof. We adapt the proof of Proposition 2.29. In the previous proof, an error in the coupling arose
from a random walk escaping (to ∂Gn). Here, the opposite effect applies, and the coupled processes
differ on |A| if a random walk returns to A after hitting ∂Gn.

Let us now make our coupling precise. In this case, we want to couple Wilson’s algorithm on G
rooted at infinity generating ‘tree’ T , with Wilson’s algorithm on GWn , rooted at the wiring vertex
wn, generating tree TWn . We retain all the previous notation, in particular finite A ⊂ E(G) and
the vertices A supporting A. We also define the ordering such that A is an initial segment14 of
v1, v2, . . .. To run the original Wilson’s algorithm on GWn , we set v0 to be the wiring vertex wn. For
convenience, we will study our walks with slightly different stopping times. We introduce ∂+Gn
defined (with respect to G) as the vertices in V (G)\Vn which are adjacent to ∂Gn. With respect to
GWn , it is natural to interpret ∂+Gn as {wn}, which will perfectly fit our desired coupling.

Now, to achieve a coupling, we sample (independently) random walks (Xv) on G started from each
vertex v ∈ A. We use these random walks to build the two versions of Wilson’s algorithm.

Specifically, all on the same probability space P, we will build the ‘trees’

� T1, T2, . . . on G using Wilson’s algorithm rooted at infinity;

� Tn1 , T
n
2 , . . . on GWn using Wilson’s algorithm rooted at the wiring vertex wn, for each n.

Specifically, we consider the following structures which appear during the construction, for which
we invoke the alternative setup of Footnote 13. Let |A| = k, and for j = 1, . . . , k, we define

� Wj to be the walk (X
(vj)
0 , . . . , X

(vj)
τj ), where τj is the hitting time of Tj−1, which may be infinite

if the walk never hits Tj−1 (an event with positive probability in general, and probability 1
for j = 1).

� γj to be the loop-erasure LE(Wj).

We also define the corresponding objects for the construction of TWn , for which we must identify
∂+Gn with wn in the random walks. Note that here the construction only requires each walk up to
τ∂+Gn , since hitting the wiring vertex wn certainly terminates that step of the algorithm.

� Wn
j is the walk (X

(vj)
0 , . . . , X

(vj)
τnj

), where τnj , is the hitting time of Tnj−1, which is a.s. ≤ τ∂+Gn ,

� γnj to be the loop-erasure LE(Wn
j ).

Note that this coupling is actually very rich, since we have constructed TWn for all n on the same
probability space. In particular, it is reasonable to claim that τnj → τj for all j, almost surely as
n→∞. Furthermore, we can also claim that γnj → γj a.s., with convergence meaning that for any
i, the ith edge of the SAW γnj is eventually constant and coincides with the ith edge in γj .

We prove this by induction on j. The case j = 1 is trivial, since τ1 =∞ and τn1 →∞ both hold a.s.

For the inductive step, we must split into two cases. Since X(j) is transient, for any N it holds
for n large enough that X(j) does not return to VN after time τ∂Gn . So, if τj = ∞, we use the
inductive hypothesis to assert that (except on an event of probability zero), for n large enough,

14Note that this indexing (rather than v0, v1, . . .) is chosen for Wilson’s algorithm rooted at infinity so that the
indexing matches up precisely during this coupling.
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Tni ∩ VN = Ti ∩ VN holds. Consequently, τnj is greater than the hitting time of ∂Gn for (X(j)).
Taking N →∞ shows that τnj →∞, which implies γnj → γj .

If τj < ∞, then τnj = τj and γnj = γj for n large enough (specifically, for n large enough that Wj

does not exist Vn). This completes the inductive proof.

However, the events {A ⊂ E(T )} and {A ⊂ E(TWn )} are entirely determined by (γ1, . . . , γk) and
(γn1 , . . . , γ

n
k ), respectively. The result follows.

2.8 Further properties of spanning forests

2.8.1 Connectivity of WUSF

Let Px0 denote the path of RW (X0, X1, . . .) on G started from X0 = x.

Corollary 2.32. The WUSF on transient G is connected a.s. iff for any v, w ∈ V (G), and inde-
pendent random walk paths Pv,Pw, the following holds:

P (LE(Pv) ∩ Pw 6= ∅) = 1. (2.15)

Proof. Consider Wilson’s algorithm rooted at infinity, with ordering v1 = v, v2 = w. Then T1 =
LE(Pv), and T2 is a single tree iff LE(Pv) ∩ Pw 6= ∅ holds.

Corollary 2.33. Whenever WUSF is connected a.s., the FUSF is also connected a.s.

Proof. An immediate consequence of (2.18) in the next section.

The following powerful theorem (Lyons, Peres, Schramm 2003) strengthens the previous result, and
gives a much more convenient tool for proving connectivity of WUSF, since the path of a RW is
much better understood than the LERW.

THEOREM 2.34. The WUSF on transient G is connected a.s. iff for any v, w ∈ V (G), the
following holds:

P (Pv ∩ Pw 6= ∅) = 1. (2.16)

Proof. The proof of this result is beyond the scope of this course.

Corollary 2.35. WUSF on Zd is connected a.s. iff d ≤ 4.

Discussion. The cases d = 1, 2 follow from Proposition 2.29 concerning recurrent graphs. The case
d = 3 is discussed on problem sheet. d = 4 is omitted, as the random walk estimates required are
more technical.

Proof (d ≥ 5). The following random walk estimate is the key step of the argument. Take Px to be
the law of simple random walk (X0, X1, . . .) started from X0 = x. Then ∃C = Cd <∞, such that

Px(Xt = 0) ≤ C

td/2
, x ∈ Zd, t ≥ 0. (2.17)
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(The proof of this estimate is left as an exercise.)

Now, for each pair x, y ∈ Zd, we define independent random walk paths X,Y with laws Px,Py
respectively, and we define Ix,y to be the number of intersections of X,Y counted with multiplicity.
That is,

Ix,y =
∑
s,t≥0

1Xs=Yt .

First, note that since SRW on Zd is reversible, we have

P (Xs = Yt) =
∑
z∈Zd

P (Xs = z, Yt = z) =
∑
z∈Zd

Px (Xs = z)Py (Yt = z)

=
∑
z∈Zd

Px (Xs = z)Pz (Zt = y) ,

(where Z is also a random walk, here with law Pz)

=
∑
z∈Zd

Px (Xs = z,Xs+t = y) = Px (Xs+t = y) = Px−y (Xs+t = 0) .

Now, taking expectations, we have

E [Ix,y] =
∑
s,t≥0

P (Xs = Yt) =
∑
s,t≥0

Px−y (Xs+t = 0) =
∑
t≥0

(t+ 1)Px−y(Xt = 0).

In the final expression, the summand is zero when t < ||x− y||1, so we have

E [Ix,y] =
∑

t≥||x−y||

(t+ 1)Px−y(Xt = 0) ≤
∑

t≥||x−y||

Cd
td/2−1

.

Since d ≥ 5, this sum is finite, and for ||x− y|| sufficiently large, we have E [Ix,y] < 1, which implies
P (Ix,y ≥ 1) < 1. Consequently

P (Px ∩ Py 6= ∅) < 1,

and by Theorem 2.34, this shows that Zd is a.s. disconnected for d ≥ 5.

2.8.2 Stochastic domination

Previously, we have shown in (2.13) that µW (CA) ≤ µF (CA) for any finite A ⊂ E(G). Strassen’s
Theorem asserts15 that this is sufficient to conclude the existence of a coupling (F free, Fwired) of the
FUSF and WUSF with law P such that

Fwired ≤ F free as elements of ΩG, P-a.s. (2.18)

That is, under this coupling, Fwired is always a subgraph of F free. Corollary 2.33 is an immediate
consequence of this result.

15Strassen’s theorem treats finite partially-ordered sets, so in fact an application in our setting requires taking a
limit of couplings along an exhaustion.
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Proposition 2.36. For Zd, the FUSF and WUSF are equal in law.

Proof. For d = 2, we have already seen this result as a consequence of Proposition 2.29.

For d ≥ 3, we will prove that for any edge e ∈ Zd

µF (C{e}) = µW (C{e}). (2.19)

To see why this is sufficient, we first reframe the result as P
(
e ∈ Fwired

)
= P

(
e ∈ F free

)
in the

language of this coupling. However, we also have {e ∈ Fwired} ⊂ {e ∈ F free}, P-a.s. Consequently
we actually have

{e ∈ Fwired} = {e ∈ F free}, P-a.s.,

which we rewrite as
P
(
{e ∈ Fwired}4{e ∈ F free}

)
= 0.

Then, since E(G) is countable,

P

(⋃
e∈E
{e ∈ Fwired}4{e ∈ F free}

)
= 0,

which can be rewritten more simply as P
(
Fwired = F free

)
= 0.

It remains to prove (2.19). We adapt the argument from Q9 on the problem sheet, which addressed
the case of Z2. Let Fn be the subgraph of F free induced on the box Λn = [−n, n]d.

We have seen in Proposition 2.21 that F free has no finite components a.s. Consequently, every vertex
in Λn is connected to ∂Λn by edges from Fn almost surely. The restriction Fn also inherits from
F free the a.s. acyclic property. As a result Fn consists of between one and |∂Λn| tree components.
We conclude:

|Λn| − |∂Λn| ≤ |E(Fn)| ≤ |Λn| − 1. (2.20)

Since Zd is vertex-transitive, we know that P
(
e ∈ F free

)
is the same for every e ∈ E(Zd). Now

E [|E(Fn)|] = |E(Λn)|P
(
e ∈ F free

)
.

Consequently, combining with (2.20) leads to

|Λn| − |∂Λn|
|E(Λn)|

≤ P
(
e ∈ F free

)
≤ |Λn| − 1

|E(Λn)|
. (2.21)

It remains just to calculate these quantities. We have |Λn| = (2n + 1)d, |∂Λn| = |Λn| − |Λn−1| =

O(nd−1), and |E(Λn)| = 2nd(2n+ 1)d−1. In particular, as n→∞, we have |∂Λn|
|Λn| → 0, so both sides

of (2.21) converge to the same limit:

P
(
e ∈ F free

)
=

1

d
.
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The only properties we’ve used are Proposition 2.21, invariance of F free under translations, and the
non-expansion property of the graph, captured by |∂Λn|

|Λn| → 0. These all hold for Fwired also, and

consequently we also16 have

P
(
e ∈ Fwired

)
=

1

d
,

as required to complete the argument.

3 Relationships with other models

The goal of this section is to outline some related models, and identify some unifying trends within
all the settings we’ve discussed so far. Without going into excessive detail, hopefully students will
see how percolation and spanning forests are (somewhat) related and how they both fit into the
landscape of modern mathematical probability theory.

It is inevitable that this section must start with the definitions of (several) new models. It is not
reasonable to expect to give the same emphasis to these as to our main models17. We aim to give
sufficient detail to explore similarities and differences with our established theories.

3.1 The Ising and q-Potts models

The Ising Model was proposed to Ising as a topic for his PhD dissertation by his advisor Lenz in
the 1920s, as an attempt to offer a mathematical description of magnetism.

Each vertex in a graph G will be assigned a spin from the set Σ = {+1,−1}. The space is then
ΣV (G). We will focus on the ferromagnetic case, where vertices generally prefer to have the same
spin as their neighbours. In the following definition, it is helpful to think of the measure as assigning
a ‘probabilistic penalty’ to each pair of neighbouring vertices with different spins.

Definition 3.1. For a finite graph G, the Ising model on G is a ΣV (G)-valued random variable,
with a parameter β > 0, and probability mass function

PG,β(σ) :=
1

ZG,β
exp

β ∑
(x,y)∈E(G)

σxσy

 , σ ∈ ΣV , (3.1)

where the partition function ZG,β =
∑

σ exp(β
∑

E σxσy) acts as a normalising constant.

16We have also shown that E [degF (v)] = 2, which fits our intuition for infinite trees, by comparison with for a tree

on n <∞ vertices, for which the expected degree is 2(n−1)
n

.
17Previous versions of the course have given different weight to different parts of this landscape. The 2020-21 edition

went further into modern percolation theory, but mostly omitted spanning forests; while some older versions did cover
USFs but without established the weak convergence machinery in as much detail as we have done. For example one
could prove the negative association results in Proposition 2.14 via the framework of electrical network theory at the
expense of the content of the remaining sections. Students are discouraged from viewing any of these options as better
(or worse) than any others!
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Remark. For our purposes (3.1) will be sufficient, but we must point out that in full generality,
the Ising model is often presented as PG,β(σ) = 1

ZG,β
exp(−βH(σ)), where the Hamiltonian H(σ),

representing the energy of the configuration σ, has the general form

H(σ) = −J
∑

(x,y)∈E(G)

σxσy − h
∑
x∈V

σx. (3.2)

� β is referred to as the inverse temperature, and is viewed as a variable parameter. Typically
at low temperature, and high β, the greater the effects between neighbouring sites.

� J is the inherent strength of interaction, and would usually be viewed as fixed (eg for a
particular metal).

� h represents an external field, which breaks symmetry between the roles of +1 and −1 in ΣV .

� In our setting, we take h = 0, which means that the dependence on (β, J) in PG,β appears
only through the product βJ , so we lose nothing by taking J = 1.

With definition (3.1) in mind, we have the following straightforward consequence

Lemma 3.2. For all x ∈ V , EG,β[σx] = 0.

Proof. This follows immediately from the symmetry PG,β(σ) = PG,β(−σ).

Weak convergence and consequences

As in our study of the UST, there is no immediate way to extend Definition 3.1 to the setting of
an infinite graph G. As before, we must take a limit of finite graphs. In the setting where a finite
graph G is an (induced) subgraph of a larger graph H, for which the notion of the boundary ∂G
makes sense, we introduce the Ising model with boundary conditions

Pb
G,β(·) = PG,β (· | σx = bx ∀x ∈ ∂) , (3.3)

where b ∈ Σ∂G specifies some fixed spins on the boundary of G.

Example. As in Section 2.4, our central example is the sequence of boxes Λn := [−n, n]d which
exhaust Zd. The most important boundary conditions are b ≡ + and b ≡ −. In the absence of
boundary conditions, we will describe the model as free.

We have previously characterised weak convergence on ΩG, and an exactly analogous character-
isation exists for ΣV . If we assume Λn exhausts Zd, then we might conjecture that measures
µ+

Λn,β
, µ−Λn,β, µ

free
Λn,β

converge weakly to limiting measures µ+
Zd,β, µ

−
Λn,β

, µfree
Λn,β

.

For now, we will take this as given, and return to the details of such convergence later. We might
consider a number of questions about such limiting measure:

Q0: Are µ+ and µ− the same?

Q1: More specifically, we could ask if µ+ differs from µfree in the sense of Lemma 3.2. We say that
spontaneous magnetisation occurs when

E+
β [σ0] > 0, (3.4)
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(which implies E−β [σ0] < 0 and answers Q0.)

Q2: Do we have long-range ordering

lim
||x||→∞

Efree
β [σ0 · σx] > 0? (3.5)

One could also consider whether the correlations in (3.5) decay exponentially as ||x|| → ∞, analogous
to Section 1.4. Viewing β as a variable, we would expect a phase transition at a critical value βc
for (3.4) and would investigate whether the same critical value applied to (3.5).

Connection to percolation - motivation

A central difference between the Ising model and the random models we’ve seen earlier in the course
is that Ising lives on ΣV , while all our models so far live on ΩG. We briefly explore how these can
be related, before proceeding in greater generality in the next section.

Consider the Ising model on G = T , a finite tree, rooted at ρ. Then we have a mapping ΣV → ΩG

which sends σ 7→ ω where ω(e) = 1 iff σx = σy for e = (x, y).

That is, we include the edge precisely if the two spins incident to the edge are equal. This is not
a bijection ΣV → ΩG, since σ and −σ have the same image. However, it is a 2-to-1-jection or,
alternatively, it is a bijection if we restrict to the subset of ΣV for which σρ is fixed.

q-Potts model

Before continuing, we mention a mild generalisation of the Ising model, to the setting where the set
of spins Σ = (1, 2, . . . , q) is finite but general. One should not think of these spins as ‘numbers’, but
just as labels of q distinct states. In particular, we care only about whether two spins are equal,
and declare the Potts measure on ΣV to be

πG,β,q(σ) =
1

ZG,β,q
exp

β ∑
(x,y)∈E

1σx=σy

 . (3.6)

We also define, similarly to (3.3), the Potts model with boundary fixed to the state 1 to be π1
G,β,q,

when G has boundary ∂G.

Note. There is an exact correspondence between πβ,2 and the Ising measure P2β. To see this, note
that

σxσy = 2 · 1σx=σy − 1 ⇒
∑

σxσy = 2
∑

1σx=σy − |E|.

(The appearance of −|E| in the Hamiltonian doesn’t change the proportionality, just the partition
function.)

Remark. Again this characterisation (3.6) works perfectly well for our purposes but is not the
normal Hamiltonian given in many textbooks. Generally, one defines the inner product · on ΣV ×ΣV

such that a · b = 1 if a = b, and a · b = −1
q , otherwise. Then the Hamiltonian H(σ) = −

∑
σx · σy

is used.

Dominic Yeo 38 djy21@cam.ac.uk



Percolation and Related Topics
Part III 2021-22

Draft Lecture Notes
Version: December 1, 2021

3.2 The random cluster model

We now introduce the following model, introduced by Fortuin and Kastelyn, which returns to the
setting of ΩG.

Definition 3.3. For a finite graph G, the random cluster model on G is a random element of ΩG

with probability mass function

PFK(p,q)(ω) =
1

ZFK(p,q)
Pp(ω)qk(ω), (3.7)

where Pp is the usual product measure, and k(ω) is the number of (open) clusters in ω.

Example. � When q = 1, (3.7) reduces to the usual percolation measure Pp immediately.

� As p, q →∞, with q � p, the random cluster measures converge the measure of the UST on
G. See the examples sheet.

The key relation is between the random cluster model and the q-Potts model (in particular with
the Ising model).

Proposition 3.4. For G a finite graph, fix p ∈ (0, 1) and q ≥ 2. Given ω ∈ ΩG, construct σ ∈ ΣV

by assigning each cluster of ω, independently, a spin chosen uniformly from Σ. If ω is random, and
given by distribution PFK(p,q) then σ has law πβ,q, with β = − log(1− p).

Proof. Given σ ∈ ΣV , we write Eσ := {(x, y) ∈ E : σx = σy}. Then, we say σ ∈ ΣV and ω ∈ ΩG

are compatible if ω(e) = 0 for all e ∈ Eσ.

Let P be the probability measure on ΩG × ΣV of the pair (ω, σ) constructed by this coupling. We
note that P (ω, σ) = 0 if ω, σ are not compatible. Otherwise:

P (ω, σ) =
1

ZFK(p,q)
Pp(ω)qk(ω)q−k(ω) =

1

FK(p, q)
Pp(ω).

We want to study the marginal

P (σ) =
∑
ω∈ΩG

P (ω, σ) =
∑

ω : (ω,σ)
compatible

P (ω, σ) =
1

ZFK(p,q)

∑
ω compatible

Pp(ω)

=
1

ZFK(p,q)
Pp (ω(e) = 0 ∀e ∈ Eσ)

=
1

ZFK(p,q)
(1− p)|Eσ |.

So P (σ) ∝ (1 − p)−
∑

1σx=σy . In particular, P(·) exactly matches πβ,q provided 1
1−p = eβ, ie when

β = − log(1− p).

Corollary 3.5. Equal site probabilities in the q-Potts model is related to the probability of open
paths in the RCM as follows:

πβ,q({σx = σy}) =
(

1− 1
q

)
PFK(p,q)(x↔ y) + 1

q . (3.8)
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Proof. With P the measure of the coupling in Proposition 3.4, we have

P (σx = σy) = E
[
1σx=σy1x↔y

]
+ E

[
1σx=σy1x 6↔y

]
.

In the first term, when x ↔ y holds, we a.s. have σx = σy from the coupling. In the second
term, when x 6↔ y holds, we have σx, σy independent, hence they are equal (conditionally) with
probability 1/q. Consequently

P (σx = σy) = P (x↔ y) +
1

q
(1− P (x↔ y)) ,

as required.

Boundary conditions for RCM

In order to take weak limits of RCM along an exhaustion of an infinite graph G, we must define
boundary conditions. In particular, for a finite graph G with boundary ∂G, and a partition Π of
∂G, we define

PΠ
FK(p,q)(ω) =

1

ZΠ
FK(p,q)

Pp(ω)qk(ω),

where k(ω) is the number of clusters in ω, with vertices in ∂G considered to be in the same cluster
if they are in the same part of Π.

The free boundary conditions given by our original definition (3.7) corresponds to the partition into
singleton sets; while the wired boundary conditions PWFK(p,q) correspond to the partition Π with a

single part. We will focus mainly on PFK(p,q) and PWFK(p,q).

We can now relate the Potts model with boundary conditions to the RCM.

Proposition 3.6. For G a finite graph, fix p ∈ (0, 1) and q ≥ 2. Given ω ∈ ΩG, construct σ ∈ ΣV

by assigning each cluster of ω the spin 1 if it includes a vertex in ∂G otherwise, independently, a
spin chosen uniformly from Σ. If ω is random, and given by distribution PWFK(p,q) then σ has law

π1
β,q, with β = − log(1− p).

Corollary 3.7. Marginal probabilities in the q-Potts model with boundary conditions are related
to the probability of open paths in the wired RCM as follows:

π1
β,q ({σx = 1}) =

(
1− 1

q

)
PWFK(p,q)(x↔ ∂G) + 1

q . (3.9)

Proofs. Analogous to Proposition 3.4 and Corollary 3.5.

3.3 Toolkit for weak convergence of RCM

Monotonicity results

In the setting of the UST, we used negative association results for spanning trees to derive mono-
tonicity results necessary to confirm weak convergence. In the setting of percolation, we had the
Harris inequality (Proposition 1.10) to establish positive association. This result holds in greater
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generality (than just product measure on ΩG) and is central to the study of the RCM, as established
by Fortuin, Kastelyn, and Ginibre.

Before stating the result, we make a brief definition. Given ω1, ω2 ∈ ΩG, we define:

� ω1 ∨ ω2 ∈ ΩG such that (ω1 ∨ ω2)(e) = max(ω1(e), ω2(e));

� similarly, ω1 ∧ ω2 ∈ Ω(G) such that (ω1 ∧ ω2)(e) = min(ω1(e), ω2(e)).

Proposition 3.8 (FKG inequality). Let µ be a probability measure on ΩG such that the following
FKG lattice condition holds:

µ (ω1 ∨ ω2) µ (ω1 ∧ ω2) ≥ µ(ω1)µ(ω2), ∀ω1, ω2 ∈ ΩG. (3.10)

Then µ is positively associated, ie that

µ(fg) ≥ µ(f)µ(g), (3.11)

holds for all increasing functions f, g : ΩG → R.

Example. � It is clear that product measure Pp satisfies (3.10). The FKG inequality is precisely
the Harris inequality for percolation.

� Crucially, when q ≥ 1, the random cluster measure PΠ
FK(p,q) satisfies the FKG lattice condition.

See examples sheet.

� When q < 1, the FKG lattice condition will not hold. Indeed, one would expect a negative
association result to hold instead. Interestingly, the uniform spanning tree is the only model
for which such results (eg Proposition 2.14) are generally known.

We can now assemble a toolkit of positive association results for RCM.

Proposition 3.9. Fix G finite with boundary ∂G, and q ≥ 1, p ∈ [0, 1], Π a partition of ∂G, and
CA an increasing cylinder event. Then we have:

� Suppose Π′ is a coarser18 partition than Π. Then

PΠ′

FK(p,q)(CA) ≥ PΠ
FK(p,q)(CA). (3.12)

In particular, we have the stochastic sandwiching result

PWFK(p,q)(CA) ≥ PΠ
FK(p,q)(CA) ≥ PFK(p,q)(CA),

showing that the free and wired settings are extremal amongst all boundary conditions.

� For any p′ ≥ p,
PΠ

FK(p′,q)(CA) ≥ PΠ
FK(p,q)(CA). (3.13)

� Given two increasing events A,B, we have

PΠ
FK(p,q)(A ∩ B) ≥ PΠ

FK(p,q)(A)PΠ
FK(p,q)(B). (3.14)

18Which means that if any pair of boundary vertices are in the same part of Π, this implies that they are in the
same part of Π′. That is, strictly more identifications are made in Π′ than in Π.
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Proof. In (3.12), we are establishing stochastic domination results between the measures PΠ′

FK(p,q)

and PΠ
FK(p,q), often denoted ≥st. In Section 2.8.2, we discussed Strassen’s theorem, which asserts

that this is equivalent to the existence of a monotone coupling.

Our key tool here will be Holley’s inequality, which gives a sufficient condition for stochastic domi-
nation of two measures on ΩG.

Lemma 3.10 (Holley’s inequality). Let µ, ν be probability measures on ΩG such that the following
lattice conditions holds:

µ(ω1 ∧ ω2) ν(ω1 ∨ ω2) ≥ µ(ω1)ν(ω2), ∀ω1, ω2 ∈ ΩG. (3.15)

Then µ ≤st ν, that is µ(A) ≤ ν(A) for all increasing A.

We will not prove Holley’s inequality here. The proof of Proposition 3.9 will be given in the
examples class.

Domain Markov property

We also need a method for studying the restriction from G to a subgraph G′ ⊆ G. The following
Domain Markov property applies to many random fields where the distribution is determined by
nearest-neighbour intearctions.

Proposition 3.11. Let G′ = (V ′, E′) be a subgraph of finite graph G = (V,E). Let Π be some
boundary partition of ∂G. Given ω̄ ∈ {0, 1}E\E′ , let Π′(ω̄) be the partition of ∂G′ given by
identifying vertices if they are in the same cluster of ω̄ (with BCs on ∂G specified by Π).

Then,

PΠ
G,FK(p,q)

(
· | ω |E\E= ω̄

)
= PΠ′(ω̄)

G′,FK(p,q) (·) ,

as measures on ΩG′ . Informally, this states that ‘conditional on ω |∂G the behaviour outside the
boundary is independent of the behaviour inside the boundary’, exactly analogously to the usual
Markov property for discrete-time processes.

Weak convergence

With all this setup in place, we can now proceed to weak convergence of the measures PΠ
FK(p,q). Let

(Gn) be an exhaustion of an infinite graph G. Let CA be an increasing cylinder event. Now, for n
large enough, we have

PGn+1,FK(p,q)(CA) = EGn+1,FK(p,q)

[
PΠn
Gn,FK(p,q)(CA)

]
,

where Πn is the (random) partition of ∂Gn induced by the configuration ωEn+1\En given by PGn+1,FK(p,q),
using the Domain Markov property. Then, by BC monotonicity (3.12),

PGn+1,FK(p,q)(CA) ≥ PGn,FK(p,q)(CA).

This is precisely the monotonicity we need to assert the existence of the measure PG,FK(p,q) directly

on the infinite graph G. The argument is essentially identical for the wired version PWG,FK(p,q).
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It is relatively similar to carry the Ising or Potts models through to infinite graphs, and results like
Corollary 3.7 pass through the weak convergence too, obtaining

π1
β,q ({σ0 + 1}) =

(
1− 1

q

)
PWFK(p,q)(0↔∞) + 1

q .

Consequently the ‘percolation phase transition’ for the RCM can (and is!) used to study the
magnetisation phase transitions for the Ising/Potts models.

4 Percolation: an extra slice

We conclude the course by returning to percolation, and tying up some of the loose ends from
Section 1.

4.1 Influence Theory

The main goal of this section is to prove Theorem 1.15, concerning exponential decay of the prob-
abilities P (0↔ ∂Λ(n)) in the subcritical regime p < pc. In 2014, a short and remarkable proof was
announced by Duminil-Copin and Tassion, using the well-established framework of influence theory
which we will introduce, before discussing their proof.

Final note: In fact, more recently Duminil-Copin, Raoufi and Tassion have a second short (but not
quite as short as this one) proof of the sharpness of the phase transition, which also applies to the
random cluster model with q ≥ 1. Interested students can find this paper, Sharp phase transition for
the random-cluster and Potts models via decision trees, in the Annals of Mathematics, or re-posted
on the course Moodle page.

Definition 4.1. Given ω ∈ ΩG, define we by reversing the state of edge e in ω. That is, we(f) =
w(f) for all f ∈ E with f 6= e, and we(e) = 1− w(e).

For event A ⊆ ΩG, say edge e is pivotal for ω in A if exactly one of ω, ωe is in A. So the event

{e pivotal forA} := {ω : e pivotal for ω in A}

depends only on the states of the edges E\{e}.

Finally, for A increasing19, we define the absolute influence

IAp (e) := Pp (e pivotal for A) . (4.1)

THEOREM 4.2 (Russo’s formula). Let A be an increasing event, depending on only finitely many
edges Ē ⊂ E. Then Pp(A) is differentiable with respect to p, and

d

dp
Pp(A) =

∑
e∈Ē

IAp (e) = Ep [N(A)] , (4.2)

where N(A) is the number of pivotal edges for A.

19The theory to follow, including Russo’s formula, works perfectly for more general events. We restrict to increasing
events since this is the only case we require in applications, and the notation is slightly simplified.
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Proof. Note that if A depends only on Ē, then no edge e ∈ E\Ē can be pivotal. So we can assume
E = Ē to reduce notation. Also note at once that the second equality in (4.2) is immediate.

First, for each ω, the probability Pp(ω) is a polynomial in p of degree m = |E|. Then the probability
Pp(A) is just a finite sum of such terms, so is also a polynomial in p. Differentiability follows.

Now, we write η(ω) := |{e ∈ E : ω(e) = 1}| for the number of relevant open edges in ω, and
Pp(ω) = pη(ω)(1− p)m−η(ω). Differentiating, we obtain

d

dp
Pp(ω) =

(
η(ω)

p
− m− η(ω)

1− p

)
Pp(ω)

d

dp
Pp(A) =

∑
ω

(
η(ω)

p
− m− η(ω)

1− p

)
1A(ω)Pp(ω).

Moving factors around, and rewriting as an expectation:

p(1− p) d

dp
Pp(A) = Ep

[
[(1− p)η(ω)− p(m− η(ω)] 1A

]
= Ep

[
(η(ω)− pm)1A

]
=
∑
e∈E

(Pp(A and ω(e) = 1)− Pp(ω(e) = 1)Pp(A)) . (4.3)

We study the events A ∩ {ω(e) = 1} and A, splitting based on whether e is pivotal or not.

Pp(A and ω(e) = 1) = pPp(e pivotal) + pPp(A, e not pivotal)

Pp(A) = pPp(e pivotal) + Pp(A, e not pivotal).

So we obtain
Pp(A and ω(e) = 1)− pPp(A) = (p− p2)Pp(e pivotal).

Returning to (4.3), and cancelling common factors, we obtain

d

dp
Pp(A) =

∑
e∈E

Pp(e pivotal),

as required.

Application to sharp thresholds

Let’s restate Theorem 1.15 from our original discussion of the subcritical behaviour of percolation.

THEOREM 4.3. For all p ∈ (0, pc), there exists a constant C = C(p) > 0 such that

Pp (0↔ ∂Λ(n)) ≤ e−Cn. (4.4)

In Section 1.4, we proved this theorem under the somewhat circular assumption that Ep[|C(0)|] <∞.
We will give a full proof following Duminil-Copin and Tassion 2014 paper closely, which uses Russo’s
formula.
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Proof. The main idea of the proof is to specify an alternative characterisation of the critical prob-
ability, for which it is easier to demonstrate subcritical exponential decay. The principal challenge
is to verify that the new definition coincides with the original definition of pc.

As an introductory step, we introduce p̃c, the new critical probability.

First, we consider sets S ⊂ Zd which include the origin, and define ∆S = {e = (x, y) ∈ E : x ∈ S, y ∈ Sc},
the set of edges crossing the boundary of S. Then we define

ϕp(S) = p
∑

(x,y)∈∆S

Pp(0
S↔ x), (4.5)

which we think of as the expected number of boundary edges of S which are both open, and
connected to the origin. Then we define the new critical probability

p̃c := sup {p : ∃ finite S 3 0 s.t. ϕp(S) < 1} . (4.6)

There are now two major steps.

Step 1: Firstly, we verify that for p < p̃c, we have exponential decay of the probabilities Pp(0 ↔
∂Λ(n)).

We fix p < p̃c, and a set S 3 0 for which ϕp(S) < 1. Furthermore, let’s assume S ⊂ Λ(m − 1), so
that ∆S ⊂ E(Λ(m)). Then, whenever 0↔ ∂Λ(m+ k), there exists an edge (x, y) ∈ ∆S such that

{(x, y) open} and {0 S↔ x} and {y ↔ ∂Λ(m+ k)} ,

all hold disjointly. Consequently, recalling the BK inequality, we have

Pp (0↔ ∂Λ(m+ k)) ≤
∑

(x,y)∈∆S

Pp
(
{(x, y) open} ◦ {0 S↔ x} ◦ {y ↔ ∂Λ(m+ k)}

)
≤ p

∑
(x,y)∈∆S

Pp(0
S↔ x)Pp (y ↔ ∂Λ(m+ k)) .

Then, since y ∈ Λ(m), we can use vertex-transitivity to bound further as

≤ p
∑

(x,y)∈∆S

Pp(0
S↔ x)Pp(0↔ ∂Λ(k))

= ϕp(S)Pp(0↔ ∂Λ(k)).

As in our original attempt at this argument, we now write n = mr + k, and obtain

Pp(0↔ ∂Λ(n)) ≤ [ϕp(S)]r Pp(0↔ ∂Λ(k)),

which confirms the required exponential decay, since ϕp(S) < 1.

Step 2: A corollary of Step 1 is that θ(p) = 0 for p < p̃c. We now have to prove that θ(p) > 0 for
p > p̃c, in order to verify that p̃c = pc, our original definition of the critical probability.
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The main probabilistic step is to prove the following differential inequality

d

dp
Pp(0↔ ∂Λ(n)) ≥ 1

p(1− p)

 inf
S⊂Λ(n)

0∈S

ϕp(S)

 (1− P(0↔ ∂Λ(n)) . (4.7)

Then, since the infimum is always ≥ 1, the derivative is strictly positive for p > p̃c, and bounded
away from zero, so we may conclude a uniform (in n) positive lower bound on Pp(0 ↔ ∂Λ(n)),
leading to θ(p) > 0. We can actually make a stronger conclusion, but we’ll return to this at the
end.

To prove (4.7), we use Russo’s formula.

d

dp
Pp(0↔ ∂Λ(n)) =

∑
e∈Λ(n)

Pp(e pivotal)

=
1

1− p
∑

e∈Λ(n)

Pp(e pivotal, 0 6↔ ∂Lambda(n)).

If we define the random set S := {x ∈ Λ(n) : x 6↔ ∂Λ(n)}, then when S = A, some fixed collection

of vertices, the pivotal edges for the event {0↔ ∂Λ(n)} are precisely {(x, y) ∈ ∆A s.t. 0
A↔ x}.

Note that 0
A↔ x depends only on edges inside A, while S = A depends only on edges outside A, so

these events are independent. This enables us to bound

d

dp
Pp(0↔ ∂Λ(n)) =

1

1− p
∑

A⊂Λ(n)
0∈A

∑
(x,y)∈∆A

Pp
(

0
A↔ x, S = A

)

=
1

1− p
∑

A⊂Λ(n)
0∈A

Pp(S = A)
∑

(x,y)∈∆A

Pp
(

0
A↔ x

)

=
1

1− p
∑

A⊂Λ(n)

1

p
ϕp(A)Pp(S = A),

and now, since 0 ∈ S implies 0↔ ∂Λ(n):

≥ 1

p(1− p)
[inf ϕp(A)]Pp (0 6↔ ∂Λ(n)) ,

as required for (4.7).

Finer analysis of (4.7): In fact we can say more about the supercritical behaviour from this
differential inequality. We can show that θ(p) ≥ p−pc

p(1−pc) .

The details are entirely calculus. The key observation is that for a differentiable function fn(·)
playing the role of Pp(0↔ ∂Λ(n)) we have

p

1− p
f ′n(p) ≥ 1

(1− p)2
(1− fn(p))
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⇐⇒ d

d

[
p

1− p
fn(p)

]
=

p

1− p
f ′n(p) +

1

(1− p)2
fn(p) ≥ 1

(1− p)2
.

Integrating from pc to p, and using fn(pc) ≥ 0, we obtain

p

1− p
fn(p) ≥ 1

1− pc
− 1

1− p
=

p− pc
(1− pc)(1− p)

,

giving fn(p) ≥ p−pc
p(1−pc) , as required. Taking the limit n→∞ with fn(p) = Pp(0↔∞) gives

θ(p) ≥ p− pc
p(1− pc)

, (4.8)

as required.

4.2 Completing the Burton–Keane argument

In Section 1.5, we studied the number N∞ of infinite open clusters in supercritical percolation.
We established that N∞ was, for each p ∈ [0, 1], almost surely equal to a constant k = k(p).
Furthermore, we established in Proposition 1.21 that k(p) = 0, 1, or ∞, which we proved.

Earlier, we stated Proposition 1.22 that in fact k(p) = 0 or 1. We now prove this. (These notes are
inherited from Perla Sousi’s version of the course.)

Proof of Prop 1.22. We now have to exclude the possibility k = k(p) =∞. Suppose that Pp(N∞ =
∞) = 1. Let S(n) be the diamond

S(n) = {x ∈ Zd : ||x||1 ≤ n},

where ||x||1 =
∑d

i=1 |xi| for all x = (x1, . . . , xd). The assumption that N∞ =∞ almost surely now
gives that as n→∞, we have

Pp(at least three ∞-clusters in Zd \ S(n) intersect ∂S(n))→ 1.

We note again that the event above is independent of the states of the edges in S(n). We now
take n sufficiently large so that

Pp
(
∃ C1
∞, C2

∞, C3
∞ ⊆ Zd \ S(n) intersecting ∂S(n)

)
≥ 1

2
. (4.9)

We next introduce the notion of a trifurcation. A vertex x is a trifurcation if the following three
conditions are satisfied:

i) x belongs to an ∞ open cluster C∞;

ii) there exist exactly three open edges adjacent to x;

iii) the set C∞ \ {x} contains exactly three infinite clusters and no finite ones.

By translation invariance it is clear that Pp(x is a trifurcation) = Pp(0 is a trifurcation) for all x.
Our next goal now is to prove that

Pp(0 is a trifurcation) ≥ c > 0,
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for some constant c. Let x1, x2, x3 ∈ ∂S(n) be three distinct boundary vertices. Then there exist20

three disjoint paths (γi)i≤3 in S(n) joining each xi to 0. Let J(x1, x2, x3) be the event that all the
edges on these three paths are open and all other edges of S(n) are closed.

We can now lower bound the probability that 0 is a trifurcation. To this end we have

Pp (0 is a trifurcation) ≥ Pp
(
∃ C1
∞, C2

∞, C3
∞ ⊆ Zd \ S(n) intersecting ∂S(n), J(x1, x2, x3)

)
,

where {xi} = Ci∞ ∩ ∂S(n) for i ≤ 3. Since the points xi can be chosen in a deterministic way from
the configuration outside S(n) and using the fact that the two events above are independent, we
obtain

Pp
(
∃ C1
∞, C2

∞, C3
∞ ⊆ Zd \ S(n) intersecting ∂S(n), J(x1, x2, x3)

)
= Pp

(
J(x1, x2, x3) | ∃ C1

∞, C2
∞, C3

∞ ⊆ Zd \ S(n) intersecting ∂S(n)
)

× Pp
(
∃ C1
∞, C2

∞, C3
∞ ⊆ Zd \ S(n) intersecting ∂S(n)

)
≥ min(p, (1− p))E(S(n)) · 1

2
,

where we used (4.9) and exploit the fact that E(S(n)), the number of edges in S(n), is finite. This
proves that

Pp(0 is a trifurcation) ≥ c > 0.

We will now arrive at a contradiction. First of all using the above we get

Ep

 ∑
x∈Λ(n)

1{x is a trifurcation}

 p ≥ c · |Λ(n)| = c · (2n+ 1)d. (4.10)

We now claim that almost surely∑
x∈Λ(n)

1{x is a trifurcation} ≤ |∂Λ(n)|. (4.11)

Combining this with (4.10) gives the contradiction, since |∂Λ(n)| = O(nd−1 as n → ∞. So it only
remains to prove (4.11).

Let x1 be a trifurcation. Then by definition there exist three disjoint self avoiding paths from x1

to ∂Λ(n). Let x2 be another trifurcation. Then there will exist again three disjoint self avoiding
paths to ∂Λ(n). Truncate these paths when they intersect the paths of x1. We emphasise that the
truncated paths cannot create a cycle with the paths of x1, since this would violate the definition
of a trifurcation. Continuing in this way, we explore all trifurcations, and this gives rise to a forest.
The trifurcations are vertices of degree 3 and the leaves are precisely the intersection with ∂Λ(n).

It is easy to show that for any finite tree we have

# {vertices of degree 3} ≤ # leaves.

Therefore, this shows that the number of trifurcations is bounded above by the number of leaves,
which is at most |∂Λ(n)| and this concludes the proof.

20This is why we choose to work with S(n). The corresponding result is false for the box Λ(n) without some work
to trim the boundary.
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