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23rd October

Topics:

• Revision of relevant graph definitions:

– Subgraphs, induced subgraphs;

– Connectivity, connected components, trees;

• Definition of Erdős–Rényi graph G(n, p), history, context, modelling relevance.

• High connectivity in the dense regime: p fixed as n→∞.

• Very low connectivity in a very sparse regime: p(n) = o(n−3/2).

Methods and techniques discussed:

• Union bounds;

• ‘Big-O’ and ‘little-o’ notation for scaling, and limits.

Exercises

1. A graph G on n vertices is a tree if it is connected but contains no cycles.

a) Prove that G is a tree if and only if it is connected, and |E(G)| = n− 1.

b) Prove that G is a tree if and only if there is a unique path between any two vertices.

2. (*) Let p(n) = o(n−2) be a sequence of probabilities. Explain why

P (G(n, p) is the empty graph) −→ 1,

as n→∞.

3. Let p ∈ (0, 1) be fixed. In lectures, we proved that

P (diam (G(n, p)) > 2) −→ 0,

as n→∞. Decide whether the following stronger statement is true:

P (diam (G(n, p)) > 2) = O (exp(−nα)) , for some α > 0.

• If you think it is true, comment on suitable α if you can;

• If you think it is false, give the true scaling.
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6th November

Further definitions and techniques:

• Coupling G(n, p) and G(n, q),

• Increasing events,

• Comparing w.h.p. increasing events:

An holds w.h.p. for G(n, p(n)) ⇒ An holds w.h.p. for G(n, q(n)).

Main result is a proof that G(n, p) is whp not connected when p(n) = logn−ω(n)
n .

• Heuristic that the event is driven by presence and non-presence of isolated vertices;

• Use of first- and second-moment methods; Markov and Chebyshev inequality;

• Application involving number of isolated vertices.

Exercises

1. For a graph G, let L1(G) be the largest component of G (if this is not unique, consider
any sensible tie-breaking mechanism). Decide whether the following events and variables /
functions are increasing, or decreasing, or neither:

(a) {G has no cycles};

(b) diam(G);

(c) |L1(G)|;

(d) {v ∈ L1(G)}, where v ∈ [n] is fixed;

(e) {G is a tree}.

2. (*) Fix n, and p < 1/2. Using the coupling in the lecture, state and prove a generalisation of
the following statement:

P (G(n, 2p) is not connected) ≤ P (G(n, p) is not connected)2 .

(You should generalise ‘is not connected ’. You can also generalise (p, 2p) if you want, but that
is not required.)

3. Let p(n) = ω(n−3/2), meaning that n3/2p(n)→∞. Adapt the proof of Theorem 1i) given in
the lecture to show that with high probability the edges of G(n, p) do not form a matching.

(Edges form a matching if they share no incident vertices.)
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13th November

A proof that G(n, p) is whp connected when p(n) = logn+ω(n)
n .

• Calculating expected number of spanning trees of various sizes.

• Heuristic: threshold for components size k is p(n) ∼ logn
kn .

General techniques - comparing distributions by couplings:

• Total variation distance

• Stochastic domination, Strassen’s theorem.

The sparse regime p(n) = λ
n , in subcritical regime λ < 1.

• No giant component whp.

• Proof by stochastic domination of a ‘random walk’ related to breadth-first search of a com-
ponent C(v).

• Comparison of |L1(G)| and |C(v)|.

Exercises

1. Total variation distance dTV(µ, ν) is defined for discrete probability distributions µ, ν as
sup |µ(A)− ν(A)|, with supremum over events in the overall support of µ, ν. Show that

dTV(µ, ν) =
1

2

∑
x∈supp(µ)
∪supp(ν)

∣∣∣µ ({x})− ν ({x})
∣∣∣.

2. Show that there exist µ, ν, two discrete probability distributions, such that dTV(µ, ν) ≤ 0.01,
but that in the coupling (X,Y ) given by (F−1µ (U), F−1ν (U)), we have P (X = Y ) = 0.

3. (*) Given n ∈ N, p ∈ (0, 1), find the smallest λ such that Bin(n, p) ≤st Po(λ).

4. (*) Given a discrete RV X taking non-negative values, with E [X] <∞, define the size-biased
distribution Xsb to be such that

P (Xsb = x) ∝ xP (X = x) . (1)

i) Clarify the normalising constant in (1).

ii) Prove that X ≤st Xsb.

iii) Fix n, p. Conditional on G(n, p), write down the list of component sizes, and choose one
of these uniformly at random, denoting the chosen value by X. As before, let |C(v)| be
the size of the component of G(n, p) containing a uniformly chosen vertex v ∈ [n].

Show that X ≤st |C(v)|.

(Make sure to do iii) even if you find ii) hard.)
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Galton–Watson branching processes - classical approaches:

• Definition in terms of generations: Zn =
∑Zn−1

i=1 Xn,i.

• Survival, extinction probabilities, criticality threshold µ = E [X] = 1, survival probability for
Poisson offspring distribution.

• Total population size via generating functions.

Other interpretations:

• Trees as subsets of the Ulam–Harris tree U.

• Exploration processes defined by breadth-first search.

• Random walk interpretation for exploration process of Galton–Watson trees.

• Hitting time theorem, and consequences for total population size distribution and its tail.

Exercises

1. (*) Let µ and ν be {0, 1, 2, . . .}-valued probability distributions such that µ ≤st ν. Let Tµ

and T ν be the total population sizes of Galton–Watson branching processes with offspring
distributions µ and ν, respectively. By embedding both trees in U, show that Tµ ≤st T

ν .

2. Recall from the lecture the survival probability ζλ of the Galton–Watson branching process
with Poisson(λ) offspring distribution, which satisfies

ζλ = 1− e−λζλ . (2)

Consider λ = 1 + ε as ε ↓ 0, and show that ζ1+ε = (2 + o(1))ε.

(Hint: start by showing ζ1+ε → 0, then take a Taylor expansion of (2). You may not assume
ζλ is a continuous function of λ unless you prove it!)

3. Let z1, . . . , zn ∈ {−1, 0, 1, 2, . . .} be given, such that z1 + . . .+zn = −1. Show that there exists
exactly one index α ∈ {1, 2, . . . , n} such that

zα ≥ 0, zα + zα+1 ≥ 0, . . . , zα + zα+1 + zα+(n−2) ≥ 0,

where the indices are taken modulo n. (Ie, if α = n− 6, we replace α+ 8 with 2 and so on.)

(Note, for clarity, that zα + zα+1 + . . . + zα+(n−1) = z1 + z2 + . . . + zn = −1. This exercise
completes the proof of the Hitting Time Theorem laid out in the lecture for the case k = 1.)
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27th November

Further distributional properties of Galton–Watson trees:

• Exact distributional calculation in terms of ordered trees;

• Conditioning on extinction; duality; conjugate pairs for Poisson distribution;

• Conditioning on |T |:

– Parameter of Poisson offspring distribution doesn’t affect distribution!

– Labelled vs unlabelled; ordered vs unordered; Poisson GW trees, conditional on their
size, are uniform trees.

Local convergence of (rooted) graphs, deterministic setting:

• Examples: complete binary tree, infinite binary tree, canopy tree.

• Prelude to random setting: small components of G(n, λ/n) are trees whp.

Exercises

1. (*) Let (pi, i ≥ 0) be the probability mass function of the offspring distribution for a super-
critical GW tree, with extinction probability η > 0. Show that

∞∑
i=0

ηi−1pi = 1.

(Which justifies that (p′i) as studied in lectures is a probability distribution.)

2. Let T geom be a GW tree with offspring distribution Geometric(1/2). Let T bin be a GW tree
with offspring distribution X given by (critical binary branching)

P (X = 0) = 1
2 , P (X = 2) = 1

2 , P (X = k) = 0, k = 1, k ≥ 3.

Prove that the number of leaves in T bin has the same distribution as |T geom|.

3. (*) In the lectures, we made the following argument for G(n, λn). Let Ak be the event that the

vertices [k] := {1, 2, . . . , k} form a connected component of G(n, λn). Let Hk be the restriction

of G(n, λn) to these vertices, and let M be the number of edges in Hk. We found

P
(
M = k − 1

∣∣Ak) = Z kk−2pk−1(1− p)(
k
2)−(k−1)

P
(
M = `

∣∣Ak) ≤ Z

((k
2

)
`

)
p`(1− p)(

k
2)−`, ` = k, k + 1, . . . ,

(
k
2

)
.

(a) Write down any valid expression for Z, including as a large sum;

(b) Complete the argument to show P
(
M = k − 1

∣∣Ak)→ 1 as n→∞.
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4. For those who spoke to me after the lecture, and anyone else with enough background and
interest in topology: prove that

dloc

(
(G, ρ), (G′, ρ′)

)
:=

1

1 + sup{r : BG
r (ρ) ' BG′

r (ρ′)}

is a metric on the space of rooted graphs.

(This metrizes the local convergence discussed in the lecture. Don’t worry if you don’t under-
stand the notation of context of this question - it will not be relevant to the course.)
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2nd December

Various forms of local weak convergence of random rooted graphs:

• Deterministic rooted graphs: basic examples.

• Deterministic graphs with random roots: examples including the path, the cycle, and the
depth-n binary tree.

• Random graphs: weak local convergence in distribution and in probability.

• Consequences for asymptotic independence of local neighbourhoods.

Exercises

1. i) (*) Construct a sequence of deterministic graphs (Gn) with vertex set [n] such that when
ρn is a uniform choice from [n], then (Gn, ρn) converges in the local weak sense to (G, ρ)
a random rooted graph for which G is random (ie not just a deterministic graph G with
random rooting).

ii) (*) Construct a sequence of random graphs (Gn) with vertex set [n] such that when ρn is
a uniform choice from [n], then (Gn, ρn) converges in distribution locally weakly to (G, ρ),
but does not converge in probability locally weakly.

(Hint: Study graphs where all the components have size 1 or 2.)

2. Let (Gn, ρn) converge locally weakly in probability to (G, ρ), and let ρ
(1)
n , ρ

(2)
n be a uniform

choice of a pair of vertices in [n]. (Ie they cannot be equal!) Prove that

P
(
BGn
r (ρ(1)n ) ' (H(1), ρH(1)), BGn

s (ρ(2)n ) ' (H(2), ρH(2))
)

−→ P
(
BG
r (ρ) ' (H(1), ρH(1))

)
P
(
BG
s (ρ) ' (H(2), ρH(2))

)
,

for all r, s ≥ 1, and for all rooted graphs (H(i), ρH(i)), (i = 1, 2).

(Hint: Compare with the original result of this kind proved in the lecture.)

3. Let (Gn, ρn) converge locally weakly in probability to (G, ρ), where G is a connected graph
rooted at ρ. Prove carefully that for any k ≥ 1,

1

n
# {components of Gn with size k} P−→ 1

k
P (|G| = k) .
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11th December

The giant component of supercritical G(n, λ/n):

• Upper bound on largest component with weak local limits;

• Lower bound on largest component with exploration process;

• Bootstrapping to eliminate intermediate-sized giant components via duality / concentration
in probability of isolated vertices.

• Uniqueness of giant component (see exercises).

Exercises

1. (*) Recall the three steps of the proof of the main theorem in today’s lecture.

i) Explain how to adjust the first step to show that for all ε > 0,

1

n

∣∣L1

(
G(n, λn)

)∣∣+
1

n

∣∣L2

(
G(n, λn)

)∣∣ ≤ ζλ + ε, with high probability as n→∞.

ii) Explain why this implies part ii) of the theorem, concerning ‘uniqueness of the giant
component’.

2. Recall the stochastic bounding argument for the exploration process given in lectures. We
would expect that the giant component is explored ‘early’, and so minSi does not make a
significant contribution when i ≤ ζλn.

Thus Xbtnc
d
≈ Bin(n− t− Sbtnc, λ/n) and so we would expect(

Sbtnc, t ∈ [0, ζλ]
)
≈ (f(t), t ∈ [0, ζ]) ,

where f(t) satisfies
f ′(t) = (1− t− f(t))λ− 1, (3)

on [0, ζ], with ζ = min{t > 0 : f(t) = 0}. Check that this is consistent, ie that when f
satisfies the first-order ODE (3) then ζ = ζλ, as defined before.

3. If you are familiar with martingales and martingale arguments, consider the exploration pro-
cesses Sni stopped at the hitting times τn := min{i : Sni > εn}. By studying Sni∧τn or otherwise,
prove properly that P (Sαn ≤ εn)→ 0.
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18th December

Positive association / correlations

• Harris inequality for increasing events in product measure (special case of FKG inequality);

• Corollaries.

Around the critical random graph G(n, 1/n):

• Erdős and Rényi, history of phase transition;

• Informal discussion of critical window p(n) = 1+λn−1/3

n - many components on scale n2/3.

• Tightness result for L1/n
2/3:

– Case λ < 0 by direct comparison with branching process;

– Case λ ∈ (−∞,+∞) via careful study of exploration process, using FKG to bound
components in Gn\L1(Gn) and control when L1 appears in the breadth-first-search.

Exercises

1. i) Let X be a real-valued random variable, and let f, g : R→ R be non-decreasing functions.
By studying [

f(X)− f(X ′)
] [
g(X)− g(X ′)

]
, where X,X ′ are IID,

or otherwise, prove that E [f(X)g(X)] ≥ E [f(X)]E [g(X)].

ii) Use this to verify the Harris inequality for m = 1, ie for two increasing RVs X,Y which
both depend on just a single edge, which is present with some probability.

2. (*) Consider the exploration process of G(n, 1+λn
−1/3

n ), with increments (Xi − 1).

i) Conditional on any values of X1, . . . , Xi−1, we have

Xi ≤st Bin
(
n, 1+λn

−1/3

n

)
. (4)

Write down a stronger bound in the case when i ≥ bK2 n
2/3c.

ii) Using (4) for i = 1, 2, . . . , bK2 n
2/3c, and your stronger bound for i = bK2 n

2/3c+1, . . . , bKn2/3c,
find a stochastic bound on SbKn2/3c, and use Chebyshev’s inequality to show

lim
K→∞

lim sup
n→∞

P
(
SbKn2/3c ≥ −δn

1/3
)

= 0.

for any fixed δ ≥ 0 (which we called Step 1 in the lecture).
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8th January

Inhomogeneous random graph with finitely-many types.

• Background, definitions, informal description of applications, dense vs sparse regimes;

• Comparison with multitype Poisson branching processes, local limits with k types;

• Perron–Frobenius theory, characterisation of criticality via ρ(κ ◦ π);

• Proof of survival probability result for supercritical case.

Exercises

1. As in the lecture, let ζπ,κi := P (|Ξ|π,κ =∞| type(root) = i). By studying the children of the
root, show that the vector ζπ,κ must satisfy:

ζπ,κi = 1− exp (−[(κ ◦ π)ζ]i) . (5)

(where [v]i is the ith component of a vector v.)

2. (*) Let Z
(1)
i be the number of children of the root of Ξπ,κ with type i.

i) Show that E
[
Z(1)

]
= π(κ ◦ π).

ii) Let Z
(2)
i be the number of grandchildren of the root with type i, and so on. Using this,

derive an expression for E [|Ξπ,κ|].

iii) Suppose we are given κ, π satisfying ρ(κ ◦ π) < 1, with a principal left-eigenvector µ,
normalised so that its components are positive. By comparing your answer to ii) with a
similar expression in terms of a large positive multiple of µ, show that E [|Ξπ,κ|] <∞.
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15th January

The configuration model

• Multigraphs vs simple graphs;

• Construction of the configuration model via uniformly matching half-edges;

• The d-regular case Gd(n).

– G3(2n) is connected with high probability - Stirling’s approximation, matching numbers;

– G3(2n) has no self loops with asymptotically positive probability, application to compu-
tationally sampling a uniform graph.

• Poisson approximation via factorial moments.

Exercises

1. Recall the definition of G2(n), the random 2-regular graph constructed according to the con-
figuration model.

i) Find an expression for P
(
G2(n) is connected

)
.

ii) By comparing the fractions a
b and a+1

b+1 or otherwise, use this to show that G2(n) is
disconnected with high probability as n→∞.

2. (*) Recall the definition of the rth falling factorial moment (x)r of x ∈ R.
Show that E [(X)r] = λr when X ∼ Poisson(λ).

3. For d ≥ 4, repeat the Poisson approximation argument to show that the number of self-loops
in Gd(2n) converges in distribution to Poisson(λd), where λd is a constant which you should
calculate.

• If you are feeling adventurous, repeat for multiple edges.

• If you are feeling very ambitious, establish the statement of a Poisson approximation
lemma for joint convergence of pairs of random variables to a pair of independent Poisson
distributions. Then show such a joint Poisson limit for the self-loops and multiple edges
in Gd(n).
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Assessments - exercises

Each week’s lecture has at least one starred exercise. You should attempt all of these, and hand in
written solutions by the deadline (see later). The difficulty is variable, though my intention is that
no starred question will take more than 30 minutes if you understand the corresponding lecture
reasonably well. You will not need perfect solutions to every question to receive a good grade.

The remaining questions have extremely variable difficulty and are designed to be at least one of i)
interesting; ii) useful for your understanding of the course.

Please speak to me in the break if you do not understand the statement of any of the questions.

Assessments - written project

Masters’ students should submit about 6 pages of typed work (or the handwritten equivalent) on
some of the topics below. ∼ 2 pages on each topic is fine; ∼ 6 pages on just one topic is fine; some
intermediate version is fine too. If you end up writing much more than 6 pages, that’s fine but I’ll
focus on the best sections when reading it.

The alternative model G(n,m), and couplings

In this course, we mainly discussed G(n, p). Much of the original work of Erdős and Rényi concerned
G(n,m), which is defined as a uniform choice from graphs with vertex set [n] and exactly m distinct
edges. Fortunately, most results which hold for one model also hold for the other. (Technically, this
notation is inconsistent, but since m has to be a non-negative integer, and p ∈ [0, 1], there is rarely
any ambiguity.)

You might choose to discuss:

• What you get when you condition G(n, p) on the number of edges present;

• How to couple G(n,m) for different values of m.

• When a range of m = m(n) corresponds to a range of p = p(n);

• How to prove a whp result for G(n, p) involving increasing events (such as connectivity, or the
presence of a giant component) from a corresponding result for G(n,m);

• Vice versa, although this is a little harder. You should feel free to do this for a specific example
of an increasing event, or for increasing events in general - whatever you find comfortable.

References: This topic is fairly self-contained but Chapter 2 of the book by Bollobás, and Chapters
1.1. and 1.2 of the book by Frieze and Karoński (available online), may be useful.
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Cycles in G(n, p)

Different scalings of p = p(n) lead to random graphs with very different properties in terms of the
appearance of cycles.

You might choose to discuss:

• For what scales of p(n) does G(n, p) i) have no cycles with high probability; ii) have a cycle
with high probability?

• The definition of surplus (or ‘1st Betti number’) and why this is more meaningful than ‘number
of cycles’;

• The surplus of the giant component of G(n, λ/n) for λ > 1;

• Formalising and proving the following statement: “|CG(n,λ/n)(v)| contains a cycle with asymp-
totically positive probability precisely when λ > 1. Furthermore, the limit of this probability
is...”

• The scales of p(n) for which the largest component of G(n, p) includes a cycle.

• How to ‘decorate’ the exploration process of a graph so that it encodes the cycles as well.

References: Again, this topic is intended to be fairly self-contained. Chapter 5 of Bollobás book
includes some content related to this, which is perhaps more complicated than necessary for this
project. The introduction of Aldous Brownian excursions, critical random graphs and the mult-
plicative coalescent (1997) will help with the final point.

Random graph processes as a multiplicative coalescent

When you add an edge to a graph, the probability that it joins two components of sizes a and b
is proportional to ab. In general, a process in which blocks join together randomly at rates which
depends on their sizes is called a coalescent process. The sequence of component sizes in the random
graph process is an example of a multiplicative coalescent.

You might choose to discuss:

• Proper definitions of everything mentioned in the introductory paragraph above;

• How to treat the random graph as a process. The easiest way is to study G(n, 1− e−t/n) (for
example with reference to memorylessness of Exponential random clocks).

• The history of coalescent processes and applications (though don’t attempt to read the original
papers!);

• The Smoluchowski equations;

• Solutions to the Smoluchowski equations in the multiplicative setting, mainly from monodis-
perse initial condition, and properties of the gelation time.

References: The survey article Deterministic and stochastic models for coalescence (aggregation and
coagulation): a review of the mean-field theory for probabilists (1999) by Aldous, will be very useful.
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Most recent papers on the topic will include a summary of such models (though not always in the
random graph setting), as part of the introduction. See, for example Mean-field frozen percolation
(2009) by Ráth or Uniqueness of post-gelation solutions of a class of coagulation equations (2010)
by Normand and Zambotti, among many other suitable examples.

What to write

You will get a good grade if you give clear definitions of some mathematical objects which were not
in the course, and clear statements of some results or methods which were not in the course, and
give proofs or arguments for some of these results and methods. Borrowing such proofs from sources
such as books, published papers, lectures notes, blog articles is completely fine, though you should
write in your own words, and acknowledge the source if you have borrowed heavily. Collaborating
on the mathematical results is fine within reason, but the proofs and (especially) background must
be written independently.
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PhD students

PhD students may either follow the same project as the masters students, or write a short summary
of a topic related to random graphs that is the subject of fairly recent research (past ∼ 20 years).
Several interesting possibilities are listed below. Please contact me for references, or if you want to
write about a different topic.

• Real trees: In the course, we identified trees via their exploration process. We can do something
similar to identify a (possibly random) continuous function satisfying certain properties with
a ‘continuum tree’ via the contour process, similar to the exploration process. Attempting this
in the case where the function is Brownian motion leads to the Brownian Continuum Random
Tree, which has been the basis of many interesting developments over the past 15 years.

• Stochastic block model : Here, the vertices of the graph are split into two (or more) types, and
the probability of an edge being present depends on the types. A key question is: how easy is
it to work out the types if you only observe the graph structure? In the age of Facebook etc,
statistical questions like this have attracted great interest and an increasingly vast literature
in both theory and applications.

• Random transposition random walk : Generating a uniform random permutation of [n] by
repeatedly switching two (uniformly random) labels. There is a natural coupling with the
random graph process. There are famous results about the mixing time, but in certain other
senses the process is close to the uniform permutation as soon as the corresponding graph is
supercritical.

Assessment - timings

Starred exercises: I am happy to receive these in multiple batches, though I may not look at them
immediately each time.

Written project: I am happy to look briefly at one draft from each student, at any point between
now and the final week of semester. This can be an outline, or a full draft, or something in between.
I will correct any obvious misunderstandings, offer suggestions for additional content, or make
appropriate general comments.

Overall deadline: Thursday 28th February 5pm. Work may be handed in to my office (411 in
Cooper Building) or submitted by email.
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