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Motivation 
 Real-world networks (internet, social networks, railways) 

rely on connectivity. 

 Want to know what factors are the most likely obstacles to 
connectivity. 

Disadvantages of E-R model 

 Too simplistic to describe most real-
world networks. 

The Model 
The Erdos-Renyi random graph G(n,p) is defined by: 

 Take n vertices. We mainly consider limit n -> ∞. 

 Between any pair of vertices, independently add an 
edge with probability p. 

 Taking p=λ/n gives ≈ λn/2 edges, so vertex degrees 
are O(1). Call such a graph sparse. 

Connectivity: 

‘can get from most places to most other places’. 

Obstacles to connectivity 

 Not enough links? 

 Too much ‘local clustering’? 

Phase Transition 

The size of the largest component C1 undergoes a double phase transition as λ varies. 

λ < 1 - SUBCRITICAL 

|C1| ≈ log n 

All components are 
small. 

λ = 1 - CRITICAL 

|C1| ≈ n2/3 

In fact, have ≈ n1/3 cpts of 
size ≈ n2/3. 

λ > 1 - SUPERCRITICAL 

|C1| ≈ αλn 

A single giant component. All 
others  ≈ log n. 

Questions 
1. How do the n2/3 components appear as we cross 

threshold λ=1? Aldous (1997) shows if we slow down to 
p = 1/n + t/n4/3 we see the critical components behave 
like the multiplicative coalescent. 

2. Suppose we condition to have λ > 1 but no giant 
component (the probability of this -> 0). What does the 
graph look like? In particular, do we have 

 EITHER: Fewer edges than expected? (So the 
conditioned graph resembles subcriticality.) 

 OR: Edges clustering into lots of midsize cpts? (So 
resembles a critical graph.) 

 OR: Some combination of the two? 

Exploration Process 

 

 

 

 

 

 Start at a vertex, explore component depth-first. 

 Branching process with offspring distribution ≈ Bin(n,λ/n) -> Po(λ). 

 Record St := vertices seen but not explored when you arrive at vt. 

 Exhaust component when St hits -1. 

 Exploration process behaves like random walk with Po(λ) increments. 

 In n -> ∞ limit, components are excursions above minima of drifting 
Brownian motion. 

 Add point process to get LDP for excess edges in giant component. 

Large Deviations for Processes 

 Record vertices seen against components explored. 

 Components appear in size-biased order, so gradient decreasing. 

 

 

 

 

 

 

 

 In limit, integrating local rate function from Cramer gives LD rate 
function for component-counting path. Rate function (via Mogulskii): 

 

 

 Can solve for shape of minimum path with Euler-Lagrange. 

 Giant components appear as jumps. Project to get rate function for 
giant component. Compare to rate function for number of edges. 
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Conclusions 
 Conclude that NOT ENOUGH EDGES dominates LOCAL CLUSTERING in the limit as the 

cause of delayed emergence of giant component. 

 Future work: Apply these ideas to more realistic models of networks with power-law 
component size distribution and a wider critical window. Also for random 
transposition RW on the symmetric group. 
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G(12, 0.8) 

St 

S2 = 3 because when at v2, have 

seen but not visited {v5,v3,v4} 

Locally, have partial sums of 

IID RVs, so can use Cramer’s 

theorem for rate function. 

Giant component appears 

as a jump at t=0. 

Infimum over paths gives joint LDP for giant 

component size and number of components. 

In fact, exploration process uniquely 

determines branching process. 

Advantages 

 Theory of i.i.d. random variables is applicable. 

 Can construct dynamically. 

(with Λ(.,α) the rate function of Bor(λα) ) 

Methods 


